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TRANSLATOR'S PREFACE. 



The solution of problems of all kinds by purely 
graphic methods forms an important branch of study 
in the training of a Continental Engineer, and the 
publication of such considerable works as those of 
fieuleaux, Culmann,, Eayschin^er, and Levyj affords 
the best proof of thqj^plfte ttftfich&d .<0;tiie*tlbject. 

In England, notwithstaoding tte, vallaable contribu- 
tions to Graphic Statiie'joftSef.bj^ Professor Clerk- 
Maxwell and the iatS Hoife^SDr/.IbHilpae, the subject 
can hardly be said to hav6'receive3-the recognition it 
merits. It is true indeed that the power and facility con- 
ferred by certain isolated processes, such for instance 
as that of stress diagrams, are uniyersally acknow- 
ledged; but these processes have for the most part 
been viewed as mere artifices for effecting special pur- 
poses, and not as applications of the principles of an 
Uportant general method. 

i'TThe present work, which has in Germany already 
me through three editions, is for its size one of the 
; complete elementary treatises on the subject, 
I its essentially practical character and the es- 
me simplicity of the mathematics involved will, it 
Klioped, render it widely useful in an English form. 
I carrying out the tranalatioii tioa kM^laa-^* Nssja. 
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PART I. 



COMPOSITION OF FOECES, 

[In order that a line may be employed to represent a 
force, it is necessary, Ist. That its length should be 
proportional to the magnitude or intensity of the force. 
2nd. That its position should correspond to the line of 
action of the force. 3rd. Tliat an arrow should be 
attached showing the " sense " of the force, i. e. the 
direction along the line in which it acta. 

In the following paragraphs the only theorem bor- 
rowed from Analytical Statics is that of the Paral- 
lelogram of Forces, p,g j 
which may be stated ^ p^ 
as follows. 

If two forces Pi , P^ 
whose directions and 
magnitudes are given 
by two lines a 0, 6 O 
(Fig. 1) act at a point 

0, then the diagonal y of the completed parallelogram 
aObr gives the magnitude of the resultant K of those 
Hence if starting fi 
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FORCES ACTING AT A POINTi 3 

a new resultant r29 and proceed in the same way till 
all the forces have been combined and the general 
resultant B obtained. 

Thus in Fig. 2, Pi, P2 . • . . Pe are forces acting at 
a point 0, the lengths Pi 0, P2 0, . . . . etc., repre- 
senting their respective magnitudes on any convenient 
scale. Starting from Pi draw Pi a equal and parallel 
to P2 ; then a is the resultant ri of Pi and P2 ; 
draw ah equal and parallel to P3; then Z^O is the 
resultant ^2 of Pi, P2, and P3; proceeding in this way 
we finally obtain e as the resultant E of Pi . . . . Pg. 



Fig. 2. 




In practice the dotted lines a 0, lOy etc., need 
not be drawn, and we obtain therefore the following 
rule. 

When any nvmber of forces act iu au-ij dwedlwv. cA ou 

^1 
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GBAPHW STA TICS. 

point, their resultant can fee obtained hy comhininff 
end the lines represenlinff them in direction and magni- 
tude; then the line dosing the rectilinear polygon bo 
ubtained gives the resultant both in direction and magni- 
tude. The direction arrow of tbat reeuUaiit pointe in 
ihe opposite way ronud the polygon to the direction 
arrows of the forces. 

The forces acting at 0, Fig. 2, will be in equilibrium 
if a 7th force R equal in magnitude to their reBoltant 
but acting in the oppoBite direction to that indicated 
by the arrow is interposed. Hence, — 

If any nmnher of forces acting at a point are in equi- 
librium, lines drawn successively in ihe direction of the 
forces and proportional to their magnitudes must form a 
closed polygon. 

This polygon is termed the Polygon of Forces, and 
the above theorem will hold whatever i« the order in 
which Hie forces are taken. 

3. Forces ading on a Rigid Body. — If forcesP,, Pj., Pj 
.... act on a rigid body, the latter must be supposed 
to be replaced by a system of rigid rectilinear rods 
which intersect the directions of the foi'Ces and form a 
.polygon. The several sides of this polygon must be 
capable of resisting the external forces (whether tensile 
or compressive) which are brought to bear upon them. 
Snch a polygon replacing a rigid body is termed a 
Funicular Polygon if its sides are in tension, and 
of Resistance or Linear Arch if its sides are 
In general it may be called a Polygonal 
e. Its angular points are called Joints 
> forces developed in the sides of the 
exterior forces are termed Interior 
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FORCES ACTING ON A RIGID BODY. 5 

In order to distinguish whether the force in any one 
of the sides of the polygon is tensile or compressive, 
resolve the exterior forces acting at both its end points 
in directions coinciding with that side and the adjacent 
sides. Then insert arrows showing the directions of 
the components of the resolved exterior forces ; these 
arrows in Fig. 3 point outwards, and there evidently 
arises in the polygon sides a tensile stress ; if however, 
the arrows point inwards, as in Fig. 4, the polygon side 
will be in compression. 

Fig. 3. 
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Since the interior forces act in directions opposite 
to the resolved components of the exterior forces, place 
at the ends a and b of the polygon side a I arrows in the 
opposite direction to those of the resolved components ; 
thus we obtain the following arrow combinations : — 

T ^ . n f Compression < — — > 

Intenor forces < ny - ^ 

{ Tension . . — :^ < — 

o X . X. f Compression — > < — 

Extenor lorces < m • • ^ 

\ Tension . . < — — ^ 



OSAPHIC STATICS. 

i. Equilibrmm of the Foree» ading on the Jointed 
Frame. — Let the polygon Ki, K^jK, . . . ., Fig. 5, be in 
eijuilibrinm under the action of the exterior forces 
I', , Pj , P3 , . . . , then evidently the exterior force acting 
at any joint miiBt be in equilibrium with the two 
interior forces or stresses acting in the two sides of 
the frame which meet at that joint. 





Let S,, Sg, Sj . . . , be the stresses in the several 
sides of the polygon, then as a necessary condition of 
equilibrium of the joint K,, the three forces P,, Si t 
8g acting at that joint must combine to form a triangle 
016. Similarly the forces ?„ S, and So which are in 
Leqnilibrium fit K, must form a triangle 012, which has 
side 1 ( = S)) common to the first triangle 016. 
ila rlv as a condition of equilibrium of the joint 
Ythree forces P3, &, and Sj must form a triangle 
ing a side 2 common to the triangle 012, 
Hence, as a condition of equilibrium, x 



FUNICVLAE FOLTGON. 

whole jointed frame, the suet'esaive triangles 
forces must have one side in common. 

Hence the theorem, — 

If the foreea Pi , P^ , P:; ; . . . aeiing on a jointed frame 
are in equilibrium, it must be possibh io form them into 
a closed polygon 1, 2, 3 . , ., and the lines drawn frmn 
the angles 1, 2, 3 . , . of this polygon parallel to the sides 
Si , S^ Sj . . ■ o/ the Jointed frame must meet in the same 
point 0, termed the pole. Then, the lines 01, 02, 03 . . . 
radiating from this pole determine perfectly the magni- 
tudes of the dresses S,, S^, &,.... in the sides of the 
polygonal frame. 

From the above theorem follows the important 
corollary that if the given exterior forces acting on a 
jointed frame are in equilibrium, then the assumptiou 
of any two consecutive sides of the frame determines 
all its other sides, and if the form of the frame and the 
directions of the esterior forces are given, then the 
magnitudes of all the exterior forces are determined if 
one of them is given or assumed. 

It is also clear that if the forces acting on a polygonal 
frame are not iu equilibrium, the closing side of the 
polygon of those forces determines their resultant in 
direction and magnitude. 

[The polygon Ki , E, , K3 . . . is termed the Funicular 
Polygon .of the Forces P,, P^, Pj . . . with respect to 
the pole 0. By taking different positions of this pole 
different funicular polygons are obtained. The form of 
the polygon Ei, K^, K3 . . . is evidently that which a 
flexible string au.sjjended from two fixed pointa, Ki , Kg 
and strained by the forces P^, P3, Pj, and Ps would 
assume, and hence the term " funicular," which has, 
■Knrerer, obtained a purely geomeliicaV vaea.m.'o!;,. "^^^ 
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general conditions of the equilibrium of a rigid body 
may be summed as follows : — 1st. The polygon formed 
by the exterior forces must close. 2nd, Any funicular 
polygon of those forces with respect to any pole must 
also close.] 

In the case of Fig. 5 all the sides of the frame are 
evidently in tension. 

Fig. 6. 




Suppose in a polygonal frame, Fig. 6, that two of its 
sides E| E^ and K4 K5 are cut across, then evidently, in 
order that equilibrium may be maintained, forces having 
the same magnitude and direction as the stresses Se 
and S4 must be applied at the points of section. Hence 
the resultant E of the stresses Se and S4 holds in equi- 
librium all the exterior forces acting on the frame on 
the right or on the left of the section plane a /8. The 
direction and magnitude of R is given by the diagonal 
46 of the polygon of forces, since from what has been 
said, R must form a closed polygon both with the forces 
Pi, Pa, P3, P4, and also with Pg, Pe. Moreover, the re- 
sultant R of Sg and S4 must evidently pass through D, 
the intersection of the cut sides produced. B therefore 
"its on the one hand as the xesu\taxi\> oi \^^ lox^^*& 



PARALLEL EXTERIOR FORCES. f) 

Pi, Pj, Pj and P, , and on the other hand as the 
resultant of Pq and Pj, 

Hence generally, 

The resuUani K of all ike exterior forces acting between 
any two sides of the funicvlar polygon passes through the 
inierseetion D of tJiose sides produced-, and the direction 
and magnitude of R is determined hj the polygon of forces. 

This theorem plays an important part in the whole 
FHhject of Graphic Statics, and enables forces to be 
resolved and composed by the aid of the fiinicular 
polygon and polygon of forces. Thus, suppose the 
force E is to be resolved into two other forces Pj, Pg 
having given directions. Produce R backwards in the 
funicular polygon, and from any point E on it draw 
EK5, EK^ parallel to the sides 45, 56 of the polygon 
of forces, then from Kj draiv P^ equal and parallel to K^, 
and from Kj draw Pj equal and parallel to 56, Then 
evidently the forces P5 and Pg replace the force E. 

5. Parallel Exterior Forces. — If the exterior forces 
acting on the funicular polygon are parallel, then, in 
order that equilibrium may obtain, some of them must 
Act in opposite directions, and the sum of the forces 
acting in one direction must be equal to that of the 
forces acting in the other direction. The polygon of 
forces will in this case be a straight line. Moreover, 
at any node of the funicular polygon the components of 
the stresses perpendicular to the directions of the exte- 
rior forces must be all equal. For, since the latter can 
only counterbalance tlioee components which are parallel 
themselvea, therefore as a condition of equilibrium of 

lenode, the compouents of the stresses at right angles 
p the direction of the exterior forces must be in eqai- 

tiuRi, which will be the case only when those comijo- 

ptB are eqoal in magnitude and. o^i^osAa Vw %^'\^!»&. 
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Hence we have the following theorem, 

If the exterior forces acting at the angles of a funicular 
'polygon are parallel, then the components of the stresses at 
right angles to the direction of the forces are equal in 
magnitude. 

If the exterior forces are vertical, the constant hori- 
zontal component of the stresses is called the horizontal 
thrust, or tension. 

In Fig. 7 the funicular and force polygons which 
constitute the conditions of equilibrium of the parallel 

forces Pi,P2, Ps are shown. The mutual relations 

between these two polygons are the same as in those of 
Fig, 5, so tliat this figure may be considered as illustrat- 
ing merely a special case of the preceding paragraph. 

The constant horizontal thrust (H) is evidently given 
by the line Oh drawn from perpendicular to A3. 
This line is termed the " polar distance." 

Pig. 7. 




We will now proceed to the application of the results 
^«ir obtainedi applying them first to the case of 
Tces, which is one of the most common occur- 
"actzce. 



THE SIMPLE BEAM. 



fBCT OF PARALLEL FORCES ACTING ' 
BEAM. 
6. Determination of the Transverse Forces. — Si 
the beam A F, Fig. 8, resting on two supports, to be 
loaded witli weiglits Pi, P^, Pg.Pj, we shall first deter- 
mine Di and Dt, the pressures on the supports, and then 
the vertical or traosverse atresaea at any cross section 
of the t 




Set the given forces Pi P; off m Buceession along 

k line A' F'. The line A' F' is thus the polygon of the 

a forces, and F' A' its closmg line, 11 their resultant. 

Juke any point as pole and draw the ridii A 01, 

^•02, 3, 4. Then describe the funicular polygon 

lift.. ../ by drawing ab parallel to A, terminating 

P, produced; bo parallel to Ov,term\aa.'C\&^fj\'^'^ 
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prolongation of P~, and finally ef parallel to F' O and [ 
terminating in the prolongation downwards of Dj. 

The funicular polygon is now '?losed by the line 
/ a, and a line O S is drawn through the pole pa raUal j 
to/a. Then, as a condition of eqmlibrium, 
D, = A'SandDj = SF 

Let the transverse or shearing forces iu the eeToral'l 
cross sections of the segments A B, B 0, C D . . , . etc. | 

be designated by V|,Vj, V:,, etc. respectively. 
Then, 



V, = D, = 8A 
V, = 1), - P. = 
V, = D, - r, - 



A'S-A'1 = S1 

P, = A'S- A'l -12 = 8i 



or Hie ahearing forces are equal to the didancee 
various piints of ike polygon of forces from S. 

Accordingly in Fig, 8 A the shearing forces have 
been taken from the polygon of forces and used as ordi- 
nates of the segments of A F to which tliey correspond, 
[Thus the hatched figiu-e is obtained, which is termed 
the "shearing force diagram," and the Tertical ordi- 
nates of this diagram give the shearing force at any 
section of the beam A F.] 

From the funit-nlar polygon the resultant of two or 
more of the forces can be obtained. Thus ff, the inter- 
section of d and/e produced, gives a point on the line 
of action of the resultant of P3 and P,. Further, r, the 
intersection of ab and/e produced, gives a point on 
the resultant of all the forces acting between a and/, 
' i ^.ofthe loads P„Ps,P3,p4. 

Velerminaiton of the Bending Moments, — Since the 

ions proper to the various cross sections of the 

"d more particularly u^on tlie 6la.ti<^a.\. xa^ 



BENDING MOMENT. 13 

ments of the exterior forces, the determination of these 
moments is of the greatest importance in practice. 

By statical or bending moment at any section a /3 of 
the beam A F, Fig. 8, is understood the product of the 
resultant R of all the forces acting on one or other 
side of beam into the perpendicular distance I oi the 
line of action of R from aft. In the case of the sec- 
tion a^y 

R = Di-Pi = Sl 

and the point of application of R is i, the point in which 
those sides of the funicular polygon which are cut by 
aP meet. 

Drop the perpendicular ih from i on afiy this perpen- 
dicular is then equal to Z, and the bending moment at 
the section a/3 is 

M = R.Z = Sl.a 

This product can readily be obtained graphically. 
Draw the constant horizontal thrust H, then the triangle 
S 1 is similar to the triangle i m n, and hence 

S 1 _ m w 

or if m w = y and for S 1 is value R is substituted, 

we have 

R _J 

H "" Z 
and M = R.Z = H.y 

Ths hending moment M for any cross section is there- 
fore direeffy proportional to the ordinate y of thefv/nicular 
poly gem at that cross section, 

ii the constant horizontal thrust or " polar distance" 
H is taken as the unit of force, then 
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In tliia case the bending momentB are directly given 
by the vertical ordinatea of the funicular polygon. 

It is evident from the figure that the masimum 
bending moment occurs always at oue of the sections 
through which an exterior force acts, also that the 
above construction applies to any parallel forces whether 
vertical or not. 

TRAVELLING LOAD. 

8. Effect of a Travdlhig Load on the Shearing Forces 
and Bending Moments, — Since the effects of parallel 
forces are simply additive, auy force F additional to the 
four forces P,, Pj, Pj, Pj (Fig. 8) entering within the 
limits of A F cau be investigated separately in respect 
of its action on any particular cross section ap and 
the results obtained added to those previously found. 




^^^ while tt 



In Fig. 9 a construction similar to that of Fig, 8 is 
made for the load P acting on A F. Then the reac- 
tions of the supports at A and F (Di and D^, Fig. 8) 
wiU be increased byD, = A' S and D, = F' S (Fig. 9), 
while the moment-ordinate y at the cross section a^ 
"reaaed by y' (Fig. 9). 

deal with the effect of a single travelling 
"•aring force V at the cross section a ^ 



TRAVELLING LOAD, 
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(Pig. 9), distant x from A, let us investigate the two 

following cases. 

1st. Suppose P to lie to the right of a/8, then the 

NF 
shearing force V = Di = P.-^-p- 

If we consider forces acting upwards as positive, then 
in the present case V is positive and will evidently be 
greater the greater N F is, that is the nearer the load P 
approaches the section a /8. 

Fig. 10. 




2nd. Suppose P to lie to the left of afi, then the 
shearing force V at a )8 is (Fig. 10), 

V = Dj - P 



but 

therefore 
V = 



NF 



-(^-)=-(^r^) 



or V = - P. 



AN 
AF 



In this case the shearing force is negative and will 
be numerically greater the nearer P approaches to the 
section a p. 
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Hence generally, 

Every single travelling load exerts a positive or negative 
shearing force according as it lies to the right or left of 
any particular section^ and this shearing force increases 
in value as the load approaches the section. 

Suppose the beam acted upon by a system of travel- 
ling loads, as is the case of a railway bridge when a 
train is passing over it. Then the pressure on every 
wheel axle to the riglit of any section a P will exert a 
positive shearing force, and that on every axle to the left 
of the section a negative shearing force. If therefore a 
positive shearing force only is brought to bear on a sec- 
tion aphj the train, the latter must evidently come 
on the bridge from the right abutment F and move up 
to the section a /3. If on the other hand the train 
comes from the left abutment and does not pass afi 
then a negative shearing force only is brought to bear 
on ap by the load on any wheel axle. 

Hence generally, — 

The greatest numerical value of the shea/ring force at 
any section is reached when a train coming from tlie 
further aJmtment arrives at that section, so that the 
leading locomotive axle is vertically over that section. 

From Figs. 9 and 10 it appears that every load 
applied to the beam right or left of the section a P 
increases the ordinate y of the funicular polygon, and 
this increment is greater the nearer the load approaches 
to that section. Since the moment M at any section 
varies as the corresponding ordinate y of the funicular 
polygon it follows that — 

The moment M of the exterior forces Pi, Pa, P3, etc., 

-^ing at any section, a fi {Fig. 8) is increased by every 

^ ''^ierposed between the supports A, F, and this 
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itierement is greater the nearer P ajtjiroaches to thai 
nection. 

Hence in hridges the moment of the &rterior forces is a 
maximum at any section if the whole bridge is fully 
loaded and the greatest sinlge load is concentrated as 
near as possible to that section. 

Since further, the greatest ordinate of a funi- 
cular polygon must always pass through one of 
its angles, tho moment at any section must be a 
maximum when one of the greatest loads is at that 
section. 

It can be ascertained in any particular case by 
means of the funicular polygon which load must be at 
any section so as to give rise to the maximum bending 
moment at that section. 

9. Example. — I'he following example will serve to 
explain the method of operation. 

Fig. 11 shows a bridge of 40' span supporting an 
express engine and tender. The weights on tho leading, 
driving, and trailing axles of the former are 9, 15, and 
7 tons respectively ; those on the three tender wheels 
are each 7 tuna. The axle intervals of the engine are 
8' 0", and of the tender 5' 6". The interval between 
tlie trailing axle of the locomotive and the leading 
axle of tlie tender is 8'. 

The maxima shearing forces and bending moments 
due to the passing of the engine and tender will now be 
determined, 

Ist. Determination of the Mamma Shearing Forces. — 
Having selected a suitable scale for the weights, draw 
first the polygon of forces or load line A', I .... B' 
corresponding to the sis given loads, and construct 

t funicular polygon I, II . . . VI, relative to a pole 
._ : 
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taken at a distance from A' B' equal to any coDTenient 
number on the scale of weigbt^i, say 30 tons. 



I /\ I" IV r Ti 




Now the maximum shearing force at a section C, 

whose distance from A is x, will be exerted when the 

*Tain coming on the bridge at B (the farther abutment) 

« at C 80 that the leading axle I is vertically 
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In order to obtain the sliearing force at C when the 
load is in the above position, draw a horizontal line I a 
from the angle I of the funicular polygon and produce 
altob muking a h equal to A B tiie span, DniW the 
vertical lines a i, kh cutting the extreme sides of the 
funicular polygon (produced if necesaary) in i and k. 
Join ik, then Hi is the closing line of the funicular 
polygon, and if 8 is drawn in the polygon of forces 
jiarallel to this closing line i Ti, then according to para, 6 
the lengtii A' S represents the magnitude of the 
shearing force V at the section C. 

Now it is just possible that if the load II were hu-gely 
in excess of I, the maximum shearing stress might 
arise when 11 was vertically over C, The diagram 
eaahles tliis to be tested instantly, Hepeat the above 
construction for the point II of the funicular polygon, 
thus obtaining ^r as the new closing line. Draw S 
in the polygon of forces parallel to p r, then the new 
shearing force at C is A' 8' — A' I or S' I, which is less 
than A' S'. 

proceeding in the way above described the 

laring force at any section with any positions of the 

1 loads can be obtained. 
Since for evevj positive shearing force exerted during 
the passage of the load from the right to left of the 
bridge, there is a corresponding, numerically equal, 
negcUive shearing force exerted during its passage from 
left to right, at a point having the same distance from 
the centre of the bridge, we obtain a diagram of the 

f shown in Fig, 12, the ordinates of whicli give the 
mum shearing forces at every section of the bridge, 
i. Determination of the Maxima Bending Moments. — 
I, from what has been said (para, 8) the maximum 



■knl 



'til (IHArnW 8TATTCS. 

ttn:kriui( turi-ii hI uny wctioD is exerted idtsii ibe 
lnvifi': i» fully lim(|<!il and one of the gmleBt luiii ii 
vi.7lf/:iil|y iivi^riUiii Mirttirm, lience the maxiiDinn bendnig 
lu'/iimnl Ht liny w^Hiim C at a distance z feel tramX 
ii-iif. \'A} will 1x1 iixcrtfld when the train comes oa& 
Uviv': lit II uitd i>itlior Uio load III or II is TerticallT 

h'i|'p<Mi Urol Unit llin Inud III is at C. From tlw 
i«i,(/l*: III i,t dm fiiiiimilur jiolygon (Fig. 11) draw HI*' 
'■-'filij |iiu;iiiii| )iriiili)i!fl a" III to b" making a'&'eqnal 
U' A ii tilts H\inu. Driiw the vertical lines a' in, b'» 
i:nUiiiie lliK HJilim I II and V VI prodnced in m and n 
f'i^fl)i':i:lit'i:|y. .Iiiiti )H», tliiin mn la the closing line of 
III*: liMiriiidiir iiolyt'oii when the train is in snch a posi- 
IlKi) lliitl. tliii hull) III ii lit C and (para. 6) the ordinate 
t/ m(illi{iliiiil liy Mm jHilar distance, or constant horizontal 
l<;iii)ii>ii II kIvkh tilt) iHiiuling moment at C. 

Via. 13. 



It must now l>o ascertained whether the bending 
niDUiont in nut greater when II is at C. 

JInko U a' equal to «, and proceeding exactly as 
■ ^)rtt we obtain pr aa the new closing line and y' as 
I new ordinate. 
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^oince y' is greater than y, the masimnm bendiog 
moment at the section C ia exerted when II ia at 
and ia equal to y' X H, or y' x 30 foot tons. 

By treating a suifieieut number of Eoetions after the 
method above described we obtain a sufficient number 
of ordinatea to enable the curve of maximum bendiog 
moment {Fig. 13) to be drawn. Sint'e the curve is 
symmetrical about the centre line it will only be 
necessary to extend the construction to half of the 
bridge. 

If uow a scale ia drawn one-thirtieth of the linear i 
scale, then the orflinatea o£ the curve read off on this 
scale give the maximum bending moment at any section 
of the bridge in foot tons, 

[It will be seen that the principle of the above method 
consists in supposing the beam A B to be moved to the 
right or left, the loads remaining stationary. Thija the 
funicular polygon having been made once for all for the 
given weights at the given intervals, an alteration of 
the position of the beam relative to that of the loads 
merely affects the closing line of the polygon, and on 
this closing line both the shearing forces and bending ' 
momenta depend. 

It is clear that in the case above investigated the 
maxima shearing forces and moments obtained are those 
due to the passing of tlie given engine and tender only, 
and that different results might ensue if a second 
engine and tender were coupled to the lirst. In order 
to investigate the shearing forces and njoments arising 
in the latter case, it would be necessary to draw the 
funicular polygon correa ponding to the twelve axle 
pressures of the two engines and tenders and then to 
proceed to move the beam A B to ttie i\^l Qt Xa'S^ vfl 



t»7 



vi-i_?z7r STJ-Vrrs^ 



t»fd:c«. Hi iu'T; Tii* fmiiriT;!:: T»:Ly£cii ^Dold be drawn 
i- •!.'* f.>.i _i.s:Lir»* *«: itf - : !t:r:«sj*:oi to a leDgth of 
bLv ': T!n:«:sT Ti.'rin.n :c liie !ihATieim irAim €ti}iial to twice 

Tie .'c:ta :c aiitf.'nifc t»*cir!::rr m<?jsientd cTig. 13) 
hi5 .--^ri* -v^jfl -wifLjL :•* Ajfttrect if the scale to 

l'\ AyT^:in.iUi&s:f Xirb:ti :f ia^mimimff the Mtixima 
Jft'>'j"/r'^^,.7^ — Al:!S.c^i tl-e zi»:i£^ -c' pwwe^inre above de- 
i^^riKVb «^:-U:'* ttty 1:::".^ litijcr. tie nesnlt can be 
ol^Ai:u\: hi a ::::."k:T'»'iT iy;iL-e ;:i5e of «n approximate 
moir^xl puKiii'e'i ly IV r-es^^jr r»r. E. Winkler in the 
Austrian •Ir.irv":r::r-cxi AivL:it\*tten- Verein' for 
1870, j«rt II,. jvi::i^ S?. wheiv- h i* stated that 

In or\ier //4;ii 'V rt^'^TU^i: .i^ a.7ir«M9m Muiy be a maxir 
munu the train sn^sit h »i» ^4k^4 a/^>»7ioji that the loadi 
on Mh $iJ<'s or' th%tf st^K'H^^ har^e n^ttrlj^ (he same ratio 
to Mch ether as the len^iiS tmio whieh the section divides 

m 

the hriJfje: or^ th^U the i\W^ f'pr unit of length on ho(h 
sides of the section are wrtiny ejuaL 

In conrlusioiK it roniains to be said that in long rail- 
way bridges tho prt^atost traTelling load is nsnally taken 
to bo a troin of two or three of the heaviest locomotives 
fully oqnippiHl followed by such a number of the 
heaviest goods waggons lidded to their maximum that 
the train is of length sufiioieut to cover the whole 
bridge. 

[In England it is usual to take as the heaviest tra- 
velling load for railway bridges, a train of locomotives 
of the heaviest class, fully equipped, suflBciently long 
"• the whole bridge. For bridges of large span, 
V a uniformly distributed, arbitrarily chosen load 
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of from 1 to 1^ tons per foot did for each line of rail is 
usually taken in place of the concentrated loads.] 

Stationary Loads. 

11. Effect of a stationary Load havirig any fixed Dis- 
tribution. — A load distributed over the whole length 
of a beam can evidently be supposed to be split up into 
a number of single loads, so near to each other that the 
funicular polygon becomes a curve which follows the 
same laws as the polygon. 

Suppose the partial load over each unit of length 
of the beam AB, Fig. 14, to be set up as an ordi- 
nate. Thus the figure A A' C D" B' B is obtained. 
This figure is called ^^^^^ 

the "loading area" of 
the beam, and evidently 
represents the load dis- 
tribution. 

. The funicular curve h ^ 
corresponding to this r~~^ 
load distribution must 
now be drawn. 







Suppose the loading area cut up into strips A C, 
CD' DB', and that in place of the distributed load 
the concentrated loads Pi, Pa, Pa, acting at the centres 
of gravity S, Sj S^ of these strips, are substituted. 
Set off the weights P,, Pj, P3 on the load line A, Bj 
and draw the funicular polygon a it, Sj ij 6 relative to 
any pole 0. The angles fc, 6j 63 of the funicular 
polygon are vertically under Si Sj S3 the centres of 
gravity of the strips into which the loading area has 
been cut. 
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Now if the size of the stripe is supposed to diminiflh 
indefinitelr. the number of sides of the funicular 
polygon increases indefinitely, and this pdygon 
becomes the funicular curve acdh^ijo which cnrre the 
sides of the original polygon ah^ bi^^, W9 ^^9 9JQ 
tangents at the points a, c, d, h yertically under the 
bounding lines A' A, CO, !> D, KB of the strips into 
which the loading area was originally divided. 

Hence the loading curve haying been first drawn, any 
required number of tangents to the corresponding 
funicular curve can be obtained as well as their points 
of contact with the curve. The curve can therefore be 
drawn, and by its means the bending moments and 
shearing forces at any cross sections of the beam can be 
determined as in paras. 6 and 7. 

12. Uniformly distribuied Dead Load. — If P is the 

whole load uniformly dis- 
r tributed over a beam A B 
of length /, then the load 
per unit of area is 



^=7 



.^ Set up p over AB as 
a constant ordinate, thus 
the rectangle Aa Bb (Fig. 15) is obtained as the 
loading area of the beam A B. 

Since the whole load is uniformly distributed, the 
reactions of the two supports A and B are evidently 
equal, or 

2 2 



Fig. IS. 
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The shearing force V at a section C for which 
A C = oj is given by the equation 



V=D-p.a; = |(Z-2aj) ...(a) 



and for 



a! = ^;V = 0. 



Also V is a maximum when « = 0, for then 



When 



X 



"A 



Since by equation (a) V decreases as x increases and 



I 



Fig. 16. 



becomes zero when x=^; 

hence the shearing force t^ 
diagram will be bounded 
by a straight line L L' 
(Fig. 15) cutting the axis ^'' 
AiBi at its centre, and 
will have as ordinates 

A,L=-B,L' = ^ 

at the two points of sup- 
port. 

The bending moment at the section C (Fig. 16) is 

When x = 0,OTX = l; M-kO; and M is a maximum 

when « = 5 or 

^ _p.i 




M = 



8 



(r, 
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Equation (P) shows that the curve of bending moments 
obtained for a uniformly distributed load is a parabola 
ash whose vertex a is vertically under the centre of 

a h and at a distance from dlyins^ ^-^ • 

o 

This parabolic funicular curve can readily be drawn 
by means of its tangents, then the bending moments at 
the various sections are given by the ordinates of the 
curve. 

In the polygon of forces make A' B' = p . ? = P and 
O A' = B'. Then a J, lb parallel to A' and F 
respectively are tangents to the funicular curve at a 
and I. Draw h perpendicular to A' B' which it will 
bisect. 

Then the triangle aim is similar to the triangle 

OA'h; hence 

Im am 



or 



whence 



A'h 


~0h 




I 


Im 


2 


p. I 


~H 


2 




Im 


p.P 
~4H 



If the pole is so taken that A = H the unit on 
the scale of forces, then 

Im = ^-i — 
4 

3 the vertex 8 of the parabola bisects I m. 
order to draw tangents at any point to the 
%T curve under any section C, it must be re- 
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Enemberecl that by the preceding paragraph tlie inter- 
sections 6, and 63 of the reqnired tangents with a I and 
h I muet lie vertically under tlie centres of gravity of 
the loads on the segments A C and B C of the heam 
A B. In the present instance, since the load is uni- 
formly distributed, these centres of gravity must lie 
at tho middle points of those segments. We have 
therefore the following sim- 
ple construction for obtain- 
ing the tangents. Divide 
al,ll (Fig. 17) into an 
equal number of equal parts, 
and join the points of divi- 
sion as shown. Then the 

lines so obtained are tangents to the fncicular curve, 
and moreover the points of contact of successive tan- 
gents bisect the distance between the points in which 
the tangents cut those adjacent to them on either side. 

[In practice, if the scales are so arranged that the 
ordinate m* s (Fig. 17) of the vertex is not greater than 
one-eighth of a b, the span, then a ciicle passing 
through a, s, b will sufficiently approximate to the 
required parabola.] 

The polar distance or horizontal thrust H having 
been made equal to the unit on the scale of forces, then 
the vertical ordinates of the fuuicular curve give the 
bending moments at the sections correpponding to 
thera. Tlius if H = 1, the ordinate y (Fig. 16) is equal 
to the bending moment M at the section C. But if H 

(not unity, then M = H . y. 
13. Seduction of coneeniraied Loads to a unifor 
ndinff. — Since by the preceding paragraph the det 
[nation of the bonding momenta at afi'^ e 



28 ORAPHIO STATICS. 

uniformly loaded beam is extremely simple, it is not 
unusual in practice to reduce the concentrated loads to 
a uniform loading giving rise to the same nuunmum 
hending moment 

Suppose that by means of para. 9 the maximum 
moment M,, for the centre of the beam has been ob- 
tained, then a uniformly distributed load which would 
cause the same maximum bending moment at the centre 
of the beam is calculated. By the preceding paragraph 
the maximum bending moment due to a uniform load 

distribution is expre-sed by ^-, where j) is the load 

per unit of length and I the clear span. 
Hence putting 

- 8 
we obtain 

1> = -]2- W 

as the required uniformly distributed load per unit of 
length. 

For any section of the beam other than that at the 
centre however, the moment obtained on the hypothesis 
of a uniform distribution does not agree with that to 
which concentrated loads would give rise at that sec- 
tion. 

Still greater will be the error arising in the values of 
the shearing forces obtained on this hypothesis. 

By proceeding on the hypothesis of a uniformly dis- 
tributed load furnished by the above value for p, we 
introduce therefore a more or less considerable error in 
rmination of V and M. In fact, the values of 
htsined on the supposition of this imaginary 



REDUCTION OF LOADS TO UNIFORM LOADING. 29 

loading differ the more from their true values the 
greater the difference between the concentrated loads 
and the shorter the beam is. 

14. Example. — The following simple example will 
serve to make the above clear. 

Fig. 18 shows a bridge beam of 22 feet span carrying 
locomotive whose wheel base is 8 feet. The weights on 
the leading and trailing axles are taken as 10 tons 
each, that on the driving axle as 12 tons. The driving 
axle is over the centre of the beam. 



Fig. 18. 



16 tOTbS 




The reaction of each of the supports will be 

10 + 12 + 10 _, ^ 
= 16 tons. 



The bending moment at the centre C2 of the beam will 
be a maximum. 
Hence 

M„=DxAC2-10x8=16xll-10x8 = 96foottons. ^ 
And by equation (a) of the preceding paragraph, J * 

p = _^ — = 1 *)i^ tons per foot run. ifr ^ 
^ 22^ \^ ^ ^ 

We will now calculate the moment M at a section H, 
due to a uniform load distribution p. 



\ 
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From Fig. 19, 
M = 3 X D - 3^ X 1 -5 = 35-796 foot tons. 

But for the moment M' at Ci due to the load distribu- 
tion indicated in Fig. 18, we have 

M' = 3D = 16 X 3 = 48 foot tons, 

a result considerably in excess of that obtained on the 
hypothesis of a uniformly distributed load. 



Fig. 19. 
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We will now obtain the maxima shearing forces at 
the centre of the beam, Ist, for the uniformly distributed 
load, and 2nd, for the real distribution. 

Ist. From Fig. 20 we have for the centre of the beam 

V = D, 

and taking moments about B, 

D x22 = llj? X 5-5. 
Hence 

V= 3-454 tons. 
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2nd. From Fig. 21 we obtain 

V = D, 

and taking moments about B we have 

D X 22 = 10 X 11 + 12 X 3. 
Hence 

V = 6 • 64 tons nearly. 

The latter value of V diflfers therefore considerably 
from the former. 




V 



Fig. 21. 
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From the above example we gather that the deter- 
mination of M and V on the hypothesis of an imaginary 
uniform load distribution involves considerable error. 
The proper mode of procedure is therefore that indi- 
cated in para. 9. 

[Note, — If, however, only one concentrated load acts 
on the beam, the imaginary and the real load distribu- 
tion give the same results.] 

15. Combined effect of the permanent and accidental 
loading of a Beam, — The simultaneous action of the 
weight of a beam and of its accidental or temporary load 
(the former of which makes itself more especially felt in 
the case of bridges of long span) can evidently be dealt 
with by a combination of the methods above described. 
Suppose however, that for a first approximation to the 
calculation of the shearing forces and moments at any 
section of beam under consideration, the weight of the 
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beam is uniformly distributed along its length, then 
the results if obtained according to paras. 9 and 12 
must be combined. To effect this the weight of the 
bridge may be obtained from empirical formulae de- 
duced from numerous structures of a similar class. 

For instance, calling w the weight of the bridge, then, 
as an average for single line bridges, 

t(?= 1763-68 + 20-16 Z, 

where w is in lbs. and I the span in feet. | A better 
formula for deducing approximately the weight of a 
girder from its known load is given in Professor Un win's 
' Iron Bridges and Hoofs.' 

Whoro 
W = Total external di8tri>)uted weight in tons (ezclufiive of girder). 
W' = Weight of girder itself in tons. 
/ = Clear span in feet. 
8 = Average stress in tons per square inch of the gross section 

of the booms, at the centre, usually 4. 
r = Ratio of depth to span. 
C a coefficient depending on the description of girder. 

Values op in different Bridges. 

Conway, tubular 1700 

Britannia „ 1461 

Torksey „ 1197 

Cannon Street, box-girder 1540 

„ „ plate-girder 1598 

Charing Cross, lattice 1880 

Crumlin, Warren 1820 

Lough Ken, bowstring 1490 

Small plate girders, 30 ft. to GO It 1280] 

Having ascertained the greatest shearing forces and 

bending moments at any sections due to the weight of 

the bridge (estimated by the above formula) and to the 

*Rt temporary load, the dimensions of these sec- 

9t be calculated and from them the real weight 
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of the bridge. Then the maxima shearing forces and 
btnding moments for the various sections must be again 
determined on the basis of the corrected weight of the 
fitruc-ture together with its temporary loading, after 
which the dimeusiona of the varions sectione should be 
redetermined. 

In road bridges the maximum temporary load is that 
which arises from a crowd of people. Now from five to 
six persons is the maximum numbt-r which could be 
accommodated per square yard, and the average weight 
of a man does not amount to more than 155 lbs. Hence 
in road bridges tJie maximum temporary load will be 
from 775 to 930 lbs. 

For bridges on turnpike roads the greater number can 
be considered as the limit. 

[In Englisii practice the weight of a crowd of people 
has been taken at 40 to 50 lbs. per square foot. The 
weight of a dense crowd may attain to S4 lbs. Generally, 
the load on the footways of bridges may be taken at 
70 lbs. per square foot, while for bridges carrying road 
traffic from 80 to 120 lbs. per square foot of roadway 
i»y be allowed.] 

Kesoldtion of Forces. 
\ 16. Besolution of a Force in two directions. — A force 
, Fig. 22, can be resolved into . two components 
^Ting given directious by ^^^ gg. Fio. 22^. c 
a of the parallelogram 
i.e. by the appli- 
tion of the theorem stated 
I page 1. The direction 
pow of P is reversed, and 

n Fig. 22 A, P is made tUe dmii^ V\o6 c 
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third side of the triangle of forces. The arrows will 
now point the same way round this triangle and will 
give the mMS of the components. 

17. Besolution of a Farce in three directions. — Sappoee 
that the force P, Fig. 23, is to be resolved into three 
(x>mponents having the given directions Pi, P,, Pj. 
I'roduce P to cut one of the given directions Pi in i. 
Then, as in para. 16, resolve P in the direction of F| 
and of the lino B, joining a with t the intersectioii 
of the other two given directions. Resolve B (again 
reversing the direction arrow) in the directions P] 
and P3. Then the closed polygon P, Pi,P2,P3 gives 
the directions and magnitudes of the three components 
^1, Pa, P3 of the force P. 

Fia. 23. 





K 



[The forces P„ Pa, P3 and the reversed force P form 
a system in equilibrium, hence the direction arrows 
of these forces point the same way all round the 
figure.] 

If a force is to be resolved in more than three given 
directions, the problem is indeterminate. 

[The problem is also indeterminate if the three given 
directions are parallel to that of the given force, or if 
they meet in a point] 
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Interioe Forces ok Stresses. 



118. Determination of the interior Forces or Stresses due 
to the exterior Forces. — Since the exterior forces mai o- 
tain equilibrium with, aiid act in opposite directionB to 
the interior forces or Btresaea. tlie latter are equal in 
magnitude to the resolved components of the exterior 
I forces to wliich they are due. lu determining these com- 
^B pODents therefore, the direction arrows of the exterior 
^K forces must not be reversed, otherwise merely the 
^V resolved components of the exterior forces would be 
obtained. 

For example, if the reaction D of the support A 
acting on the two bars AX, A Z, Fig. 24, is known, then 
the stresses 1 and 2 in 
those bars respectively 
are obtained by resolving | "^^ y" 
D along their directions 
without reversing the 
direction arrow of D. 

Thus D resolved in the directions of the bars AX 
and A Z gives h c and e a the required stresses in mag- 
nitude and sense. 

JVbte — If from the interior force S in a bar the cor- 
responding stresses in two other bars meeting at the 
same joint are to bo determined (i. e. if an interior force 
is to be resolved again iuto interior forces), then the 
process described in para. 16 must be carried out, and 
the direction arrow of S must be reversed. 



36 ORAPHIC STATICS. 



PAKT II. 



BRACED STRUCTURES. 

19. Oeneral Considerations. — In the foregoing para- 
graphs it is established that a force fully determined 
can be resolved into two or three other components 
having given directions. If therefore girders made up 
of many parts are so put together that not more than 
three bars are cut across by any particular section plane, 
then the resultant of the exterior forces on one side 
of the section plane can be distributed in the directions 
of the cut bars without indeterminateness, and thus 
the stresses in those bars can be obtained. 

If moreover, a bar is strained by a force acting along 
its axis, then this force, whether tensile or compressive, 
is uniformly distributed over the whole cross section of 
the bar. 

On the other hand, if a bar is lent by the exterior 
forces, then evidently the stresses due to the bending 
are unequally distributed in the interior of the bar, and 
the stress over the area of any cross section is not 
uniform. 

A good structure should therefore he made up as far as 
possible of members in which only longitudinal stresses 
arise. This is the case in braced beams. 

A simple bracing in its most general form consists of 
two booms connected by bars forming a succession of 
triangles in such a way thai the several w^fiaiheTs are 
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ttrained only in the direction of their length, i. e. they are 
ither in direct tension or compression. 
It IB necessary however, that the bars at their points 
■"Of junction should be connected by a simple joint bolt, 
or that they should be " articulated," as it is termed. 
Then the rotation of the bars not being prevented, they 
_.are capable of placing themselves parallel to the direc- 
fiona of the forces fonniog the polygon of forces, and 
lihey thu8 form the corresponding polygonal frame. 

In all following examples it will therefore be supposed 

that every pair of bars are connected at their intersee- 

tiou by a bolt. It will also be supposed that the joints 

wiotm exclnsively the loading points, as is the case in a 

roperly constructed braced beam, in which the loads 

ton the cross girders are transft^rred to the joints of the 

1 girder. 

If further, the weight of the whole structure is sup- 
posed to be equally distributed over the length of the 
> frame, the weight between any two joints must be con- 
iddered to belong half to each joint. 
In constructing the diagram of forces for the deter- 
mination of the stresses in the several members of the 
bridge, the following course of operation will be 
followed. 

I I. After the distribution of the load on all the joiTits 
b settled, one of the exterior forces (preferably the 
feaction of one of the supports) is resolved in the 
directions of the bars meeting at the end joint by 
para. IG. Then at the next joint the stress obtained is 
combined with the exterior forces acting at that joint, 
Haod the resultant is resolved in the directions of the 
^ftew set of bars, and so on. The combination of the 
^nccessive figures obtained forms what is termed tb{ 

■ i. 
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'^ stress diagram/' For the sake of clearness the stresses 
denoted by the lines of the stress diagram are dis- 
tinguished by the same numbers as the corresponding 
bars in the skeleton drawing or ^' frame diagram" of 
the structure. Moreoyer, tensile stresses are denoted 
by single, compressive stresses by double, and resultants 
by dotted lines. Bars in compression are termed 
" struts," those in tension " braces," or " tension bars." 
Although after what has been said in para. 3 no 
doubt should arise as to the sense of the interior 
forces or stresses, it may be again stated that the 
direction arrow of an interior force as obtained from 
the stress diagram, is transferred to the bar to which 
it corresponds, being placed nearest to the joint at 
which the resolution was commenced. Then an arrow 
in the opposite direction is introduced near the other 
extremity of the bar, and according to para. 3 we 
obtain 



■c . ^ . - ( compression 

For mtenor forces { . : 



«■ 



tension > <■ 



while the reverse arrow combination obtains for the 
exterior forces. 

Suppose the bar under consideration to be cut across, 
that part of it only remaining which lies nearest to the 
joint at which the resolution of the forces was made, 
and that in place of the portion cut away, the stress 
obtained from the stress diagram acts as an exterior 
force. Then if the direction arrow of the latter points 
outwards, i. e. away from the joint, the stress in the bar 
is tensile, if inwards, i.e. towards the joint, compressive. 

QO. JPMi4Ubrium of the Farces in a braced Structure. 

Btractore is in equilibrium under the 
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stion of the loads applied to it, then evidently the 

ierior and interior forces acting at each joint must 
n equilibrium ; it mu8t therefore be possible to form 
1 into a closed polygon. 

Hence we are able — 

Ist. To ascertain whether the requirements of the 
Beveral bars meeting at a joint have been properly 
fnlfillad. 

2nd. With n bats meeting at a joint to ascertain the 
atreBSes of two of them, if the extferior forces acting at 
the joint and the stresses of n — 2 of the bars are given 
in direction, sense, and magnitude. 

For example, suppose that the forces P, 4, 5 and 9 
acting at the joint K (Fig. 25) are known and 7 and 8 
unknown. Combine the known forces 4, P, 9, 5 for a 
resultant R, reverse the direction arrow of S, and resolve 
it into the two components 8 and 7 by drawing lines 
through its extremities parallel to their directions. 

F We will now proceed to the construction of stress 
diagrams for braced structures, dividing the latter into 
the two following classes, viz. : — 

a. Braced beams subject to a constant load. 
6. Braced beams subject to a travelling load. 
In the first class are braced beams employed Ja 
j^joof construction, also lattice, suspension and ^m^ 



/^--' 
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lattice and suspension arrangements together with 
cranes, etc.; while to the aecond class belong bridge 
girders. 

Braced Structures with Constant Loads. 

21. Boof Trusses. — In making calculations for roof 
constructions a uniform vertical load is usually assumed 
to act upon the rafters. This is not strictly correct, as 
the wind pressure varies from the horizontal through an 
angle of about 10° Since, moreover, greater safety 
will be ensured if the greatest mnd pressure is assumed 
to act simultaneously with the greatest snow pressure, 
in practice it is usual to make a single calculation based 
on the above hypothesis, this course will be followed 
here for the sake of simplicity. 

The loads on a roof will therefore consist of — 

1. The dead weight of the structure, or the perma- 

nent load. 

2. The weight of the greatest snowfall covering it. 

3. The greatest wind pressure. 



Dead Weight of Eoofs. 

22. The following table gives approximately the 
weights in kilos, per square metre and lbs. per square 
foot of various kinds of roof coverings : — 

Wooden Roofs. 



Natnre of CoTering. 



Single tiles 

Oonble tiles 

s«<iry dating 

on slabs 

tper (Theerpappe) 
or sheet sdno 



Average Weight 



Kilos, per 
Sq. Metre. 



100 

125 

75 

100 

80 

40 



Lbs. per 
Sq. Foot 



20 
25 
15 
20 
6 
8 
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Iron Roofs. 





Average Weight. 


Nature of Covering. 


Kilos, per 
Sq. Metre. 


Lba. per 
Sq. Foot. 


Slated on angle irons 

Sheet iron on ditto 

Corrugated iron on ditto 

Corrugated zinc on ditto 


50 
25 
22 
24 


10 
5 
4-3 

4-7 



Snow Pressure. 

23. The greatest depth of snowfall in Mid-Europe is 
about 0*625 metre, or 2 feet nearly. The specific 
gravity of snow is about one-eighth that of water. 

Since 1 cubic metre of water weighs 1000 kilos., the 
snow pressure will amount to 78 kilos, per square metre, 
or 15 '6 lbs. per square foot 
over the horizontal projection 
of the roof. 

This pressure decreases per 
square foot in the ratio of 

the half span i (Fig. 26) 

^ * s ' 

to the length of the rafter I, 

The following table gives its value for the different 

values of the ratio - • 

s 




Snow Pressube. 



.h 


Kilos, per 


Lbs. per 


h 


Kilos, per 


Lbs. per 


9 


Sq. Metre. 


Sq. Foot 


» 


Sq. Metre. 


Sq. Foot. 


1 


55 


1 
11 


\ 


75 


15 


i 


65 


13 


X 
"if 


75-5 


151 


1 


70 


14 


i 


76 


15-2 


i 


73 


14-6 


^ 


77 


15-4 


i 


74 


14-8 






\ 
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[In England a snow pressure of from 5 to 6 lbs. per 
square foot of area covered may be taken as giving suffi- 
cient security.] 

Wind Pbessube. 

24. The magnitude in kilogrammes per square metre 
of the pressure p which the wind exerts on a plane 
normal to its direction, is given by the empirical 
formula 

where v is the velocity of tlie wind in metres per second; 
or if V 18 taken in feet, 

2? = • 00 231 v^ lbs. per square foot* 

Since the direction of the wind usually makes an 

angle of about 1 0^ with the horizontal, its direction will 

Fio. 27. make an angle a + 10° with a 

j)^ plane A B inclined a. Draw 

*-,^ j3 AD perpendicular to the direo- 

'^'^° ^ tion of the wind meeting BD 

parallel to that direction in D, 

then the wind pressure acting on 

a surface of length A B and 

having a unit of breadth is 




W = i).AD, 
AD = ABsin. (a + 10°) 

W =2?.ABsin. (a+10°). 

Hence the wind pressure per unit of area on A B is 

W 
w = T-g = i^.sin. (a + 10°) ... I. 
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. Eesolve w into a vertical component j and a compo- 
nent s acting along A B^ then 

gr _ sin, (g + 10°) ^ 

w sin. /3 ' 

but 

)8 = 90° - a. 
Hence 

q _ sin, (g + 10^) 

w COS. g 



and substituting the value of w obtained in I., 

.... II. 



^ ;?.sin.^(g + 10°) 
COS. a 



If t; = 31 • 6 metres is taken as the maximum velocity 
of the wind, then 

jp = 113 kilogrammes per square metre ; 

taking t; = 100 feet, we have 

jp = 23 lbs. per square foot. 

If h is the height of the roof and s the span, then 

2ft 
tan. g = — • 
. 8 

The following table gives the values per unit of area 
of the vertical component of the wind pressure on roof 
planes having various inclinations. 

Vebtical Component of the Wind Pressure. 



h 


Kilos, per 


Lbs. per 


1 h 


Kilos, per 


Lbs. per 


9 


Sq. Metre. 


Sq. Foot. 


1 ' 


Sq. Mttre. 


Sq. Foot. 


i 


107-20 


21-44 


\ 


22-45 


4-49 


i 


64-75 


12-95 


i 


19-30 


3-86 


i 


44-65 


8-93 


1 


17-00 


3-40 


i 


83-90 


6-78 


■^ 


15-02 


3-04 


i 


27-10 


5-42 
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By adding together the permanent load, the maximum 
weight of snow, and the vertical component of the wind 
pressure, the total vertical load is obtained. 

25. [Note. — The above treatment of the question of 
wind pressure cannot be regarded as satisfactory. Ithfli 
Ixion pointed out by Professor Unwin that wind 
pressure, like fluid pressures generally, acts normallj 
to the roof surface instead of vertically, as is the case 
of the other loads to which a roof is subject. The 
usual direction of the wind is probably horizontal, and 
though it is quite possible that this direction may 
occasionally make a considerable angle with the 
horizontal, becoming, for example, normal to roofs of 
high pitch, it can very rarely, if ever, act yertically. 
Now a horizontal or normal wind can act on only one 
side of a roof, and it is evidently possible that this 
partial or unsymmctrical loading may produce a much 
greater distorting effect on the structure generally, and 
greater stresses in parts of the bracing than a uniformly 
distributed vertical load. Moreover, even on the sup- 
position of a wind acting vertically, there will be a 
horizontal component which it would be unsafe to leave 
out of calculation. 

It is therefore evidently necessary to ascertain what 
will be the efifect of a horizontal or normal wind acting 
on one side of the roof, thus one stress diagram will not 
suffice. 

The following formula deduced by Hutton from 
experiment gives the value of the normal pressure of 
the wind on any plane surface in terms of P the 
pressure on a plane surface perpendicular to its 
direction and i the angle of inclination of that 

plane of the surface. 

I pTessnte "Pn^^ ^^^* "^^ 
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The maximum force of the wind in England has 
been variously taken at 40 and 50 lbs. per square foot 
of surface perpendicular to its direction. Substituting 
either of these values of P in the above equation the 
normal pressure on the surface is obtained if the 
direction of the wind is known. Supposing the direc- 
tion of the wind to be horizontal, i is equal to the 
inclination or pitch of the roof. The horizontal and 
vertical components of the wind's normal pressure can 
be obtained either by construction or by calculation. 

The following table, taken from Professor Un win's 
* Iron Bridges and Koofs,' gives the values of the normal 
pressure (PJ, and of its horizontal and vertical com- 
ponents (Pfc and P^) for a horizontal wind acting with 
a force of 40 per square foot of vertical surface exposed 
to it, on roofs of various pitch. 



Angle 


Lbs. per Sq. Foot of Surface. 


Angle 


Lbs. per Sq. Foot of Surface. 


of 
Roof. 






of 
Roof. 




P« 


Pr 


P* 


Pn 


?v 


P* 


o 
5 


5-0 


4-9 


0-4 


o 
50 


38-1 


24-5 


29-2 


10 


9-7 


9-6 


1-7 


60 


40-0 


20-0 


34-0 


20 


181 


17-0 


6-2 


70 


41-0 


14-0 


38-5 


30 


26-4 


22-8 


13-2 


80 


40-4 


70 


39-8 


40 


33-3 


25-5 


21-4 


90 


40-0 





40-0 



To determine the stresses in the various members of 
a roof truss it will be necessary therefore — 

1st. To draw a diagram corresponding to the dead or 
permanent load, including the weight of snow if it is 
thought necessary. 

2nd. Assuming the direction of the wind to be 
horizontal, to draw either (a) a diagram correspondinj 
to the normal pressure obtained, as in lAi^ ^on^ VvMVi 
or (b) to draw two diagrams, one coTTewpoijAm^ \» ^ 
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vertical and the other to the horizontal component of 
the wind pressure. The latter mode of procedure (l) 
will in some cases be simplest, though in other cuei 
the diagram of the horizontal component may, from 
the coincidence of a large number of lines, give a bad 
figure. 

Now if the wiud instead of being horizontal is 
supposed to have a direction normal to the roof surface, 
it is evident that on the one hand the normal pressure 
diagram for a horizontal wind read off on a different 
scale will give the stresses due to a wind acting 
normally, while on the other hand the horizontal com- 
ponent diagram for a wind acting horizontally, read off 
from a new scale, will give the stresses due to the 
horizontal component of a wind acting normally. 
Similarly the vertical component diagram for a hori- 
zontal wind can be used to obtain the stresses due to 
the vertical component of a normal wind. It is usual 
to assume the direction of the wind to be horizontal, 
but it is possible that a normal wind may produce 
greater stresses on some bars. 

Having constructed the stress diagrams, it will be 
necessary to make three tables, one giving the stresses 
due to the dead load, another those due to the wind 
pressure, and a third giving the total stresses due to 
the wind and dead load together. The third table will 
then give the maximum stresses on each member of 
the roof. 

In roofs provided with an arrangement permitting 

expansion at one of the supports, it will be necessary to 

draw diagrams to determine the wind pressure on each 

of the roof separately, since only (me of the 

tfl can furnish tlie neceeaor^ Teiace.\.v3vi.\ 



STRESS PIAGEA. 



Stress Diagrams, 
26. The German Truss, Fig. 28.— The rafter A B is 
divided in this case into two equal segments A E and 
E B at the joint E. Suppose the load 2 P to act on 
each segment of the rafter, then P will act at the 
extremity of each segment. Hence on the middle 
joints E, B, F, there acts a load 2 P (since these joints 
are loaded on both sides), but at the estremities A 
and D of the raftei's there is only the load P. 




Each of the two supports has to supply a reaction 
equal to half the total load. Each reaction is therefore 
4 P — P = 3 P, and this reaction mast be considered to 
act as an exterior force on the adjacent bars. 

In the stress diagram the reaction 3 P = a 6 is first 
reaolyed into the stresses 1 and 2 of the bars A E and 
A 0. At the joint E tiiere are now the forces 1, 2 P, 3 
and 4, of which I and 2 P are known. Combine 
2 P = a (i with 1 for a resultant c d and resolve c d 
into the stresses 3 and 4 which are the required con 
ions. Proceeding to the joint B, conib\^i& ^w 
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if for a resultant ef and resolve it into tlie forces 5 
and 6. The remaining half of the diagram will, ob 
account of the symmetry of the structure, be similar 
to that already drawn. 

27. T\\e English Roof Truss, Fig. 29.— Suppoae eack 
of the four segments of the ratter to be loaded witt 
2 P 80 that each of the two 8U]j]>ort8 has to supply b 
reaction of (8 - 1) P. 




In the stress diagram, resolve the reaction a & = 7 P 
into l=ac parallel to AE and 2 == cJi paniMfl to AF. 
Proceeding to the joint E, combine 1 with od =2P 
for a resultant e d and resolve c d into Z = ee parallel 
to E F and 4 = e d parallel to E G, Then passing to 
the joint P, combine 2 and 3 for a resultant eh and 
resolve e ft iuto 5 =ef parallel to F G and 6 = 6/ 
parallel to FH. Proceed to G and combine 4 and 
2 P = d^ with 5 for a resultant gf, resolve gf into 7 
parallel to GH and 8 = Aj/ parallel to GP. At the 
next joint H combine 6 and 7 and obtain h h, resolve hh 
9 = A ; parallel to H J and 1 = i fc parallel to H 6.C 
>mbine 8, 2 P, and 9 for a resultant i k and-^olve 
, ■ \l = il parallel to JC and 12 = Ik parallels 
* illy, at the joint B combine 12 and 2 P for „ 
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resultant Im and lesolve Im into 13 = mn parallel to 
B C and 14 = i n parallel to B D. 

From the symmetry of tlie sttuctare the stresses in 
the corresponding bars on the other side of the centre 
line are identical with those already obtained. 

28. The Belgian, or French Boof Truss, Fig. 30.— 
Suppose that each of the fonr segments of the rafters 
are loaded with a weight 2 P, so that the load distribu- 
tion is the same as in the last case. 




In the stress diagram, resolve the reactioi 
into l = (ic parallel toAE and2 = cfi pan 
At the joint E combine 1 = ac with 2 3 
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resultant c d and resolve cd into 3=see parallel to EF 
and 4 = 6(2 parallel to EG. Passing to F, 2 =e& and 
3=ce are combined for a resultant h e and heiB resolved 
into 5 = ef parallel to P G and 6 =/&. At G, the 
resultant of the three known forces 4, 5 and 2 P must 
be resolved into three forces in the directions G 0, G J 
and GH; and this resolution is indeterminate. We 
must therefore determine one of the three unknown 
forces for example 7. Now from the symmetry of the 
position of the two tension bars G P and G J with re- 
spect to G C the stresses 5 and 9 may be assumed to be 
ecpial since they resist 2 P in a similar way. The com- 
pression 7 on the strut G C must therefore be taken as 
the resultant of the two equal tensions 5 and 9 and of 
that component of 2 P which is parallel to G C. Hence 
eff must be made equal to 5 and parallel to G J, and 
^ k ecpial to hi, then fk is parallel to 7. Thus Ai is 
the resultant of 7, 5, 4 and 2 P, and h k must therefore 
be resolved into two components kl = 9 and Ih = 8, 

The resultant h k oi 6 = bf and 7 = / A is resolved 
into 10 = bm and 11 = k m, then 8 = Ih and 2 P = An 
are combined and their resultant In is resolved into 
12 = vn and 13 = vl. Finally the resultant of 11, 9 
and 13 is v 7/1 = 14. 

2i). The Bowstring Roof, Fig. 31. — In this form of 
roof which is employed to cover a wider and higher 
space, the snow and wind pressure cannot be assumed to 
bo the same per unit of area over the several segments 
A C, C E, E G, G J, and therefore the vertical com- 
ponent of the wind pressure and the weight of snow 
per unit of area of each individual segment must be 
separately determined from the tables given in pages 
41 ■" ' ^ ** ^^y the weight of the structure, i. e. the 
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permanent load, can be considered as uniformly dig- 
tribatod over tlie Beveral segments. 




Suppose that P„ P, and P3 are the loads on the 
three upper joints C, E, G, then each reaction will be 
D = Pi -[- P, -j- Pj. 

In the stress diagram the reaction D = a b is resolved 
into l=ao parallel to AG and 2 = b c ^t&UeV ^i:^ k 
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At tlio j(»int C, 1 and' Pi are combined for a resnltant 
rtl, liiicl this rosultunt is resolved into 3^ee parallel to 
< ' I > iind ^ =€tl pimillel to C E. Passing to the joint D 
(VMiiltinn tli(* almuly cletermined forces 2 and 3 for a 
rrHultiint he and rcRolve the latter into 5 = e/ parallel 
t(» !■; I) iiiid () =fh parallel to DF. At the joint E. 
nhtiiiii ft/ IIm; rcKiiltant of 4, 5, and P^ and resolve fg 
into 7 =/A imralh'l to EF and 8 = hff parallel to 
IK I. Frnm (> and 7 the rosnltant Ih is obtained and 
rrnnlvrd into = // 1 parallel to (iF and 10=:ih 
panillrl to FlI. Finally, 8, 9, and P3 are combined 
iind tlirir ri'Hnltant hi Ih resolved into 11 = t£ parallel 
to < ; I! and VJ = kh parallel to G J. 



I 



UkAMS HlMTOllTED AT BOTH EnDS 

'M, Tlir Siin/Jc Truss, Fip. 32. — In this form of truss 
tlip licani A l( is mispended at its centre G by an iron 

Fi.J. 32. 



4^r . ^'.=-^, 





ft 6 



rod, or hy 11 wooden kin^-postto the joint D of the rafters 
A 1) nnd l> I), and Hnj>jK)rtcd at its ends. The half of the 
load 2 P concent rated at C falls on each of the supports 
since A ( ■ = V> 15. In the stress diagram make a 6 = P 
and resolve a h into 1 parallel to A C and 2 parallel to 
AD, For the joint C combine 2P = acZ with 1 for a 
vpoiiHjmt d and resolve c d into 3 parallel to C D and 
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i parallel to C B. , , Since finally the forces 2, 3 and 4 
acting at J) are in equilibrivun, they muat form a closed 
polygon, hence he = i. 

From the symmetry of the figure 2 = 4 and 1 = 5. 
But since the tension bar CD must directly support 
the load 2 P, the triangle of forces abc will suffice 
for the determination of all the stresses, 

31. The Simple Inverted Truss, Fig. 33. — This is 
merely a simple truss inverted, and its bars will there- 
lore have to resist stresses of p^g 33 J 
the opposite kind to those of I ..fl 
the simple truss. f ir |, ■ 

Now the strut C D must 
directly support the load 2 P 



and the forces 1 and 5 must "| 

from the symmetry of the 

positions of the bars be equal. Hence it is merely 

necessary to construct the triangle ahe. 

N.B. — Suppose in the two preceding paragraphs that 
the load 2 V instead of being concentrated at C is 
uniformly distributed over the beams A B, then half of 
this load is borne on A C and half on C B. By reason 

P 
of the load P over the segment A C, ^ will act at A 

and also at 0, and by reason of P over the segment C B 

p 

- will act at C and B. Thus at A and B there is a 

P 

reaction - and at a load P. Hence the new stress 

diagram will give stresses only half the amount of 
those given above, i. e. a simple truss will bear " 
I'ormly distributed load twice as great as that 
^buld sapport concentrated at its ceiAte. 
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under tlie liead of " braced " or " lattice " gii-ders 
we shall not make a separate reference to tliera 
here. 

Beams fixed at one End, Cantilevers. 

34. TJie Simple Cantilever, Fig. 36. — In this struc- 
ture the beam BA is loided at A, suspended by a 
tie-rod A C and made last in the wall at B. 

Eesolving P into 1 and 2, we Ijave 1 as the tensile 
stress in C A and 2 as the compressive stress in BA. 




If (us in Fig. 37) the beam A B is supported at A 
n strut C A from beneath, the above conditions of 
reas are merely reversed. 

35. Tlte Braced Caniilever, Fig. 38. — In this case the 

Illy exterior force is the ioad P suspended at A. For 

) stress diagram draw ah = V and resolve it into 

X parallel to A C and 2 parallel to A B. Proceed to B 

pid i-esolve 2 = ac into 3 parallel to B C am' 
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tc B D. For the joint C combine 1 and 3 for a resultant 
hd and resolve it into 5 parallel to CD and & = be 
parallel to CE. Finally lor the joint D combine 
i and 5 for a lesultatit e a and resolve it into 8 = a/ 
paralk'l to D F and 7 = e/ parallel to D E, 

30. Tke "Perron" Roof, Fig. 39.— This roof can 
evidently be treated as a braced cantilever. Suppose 
P to bo the toad on each of the four segments of the 
rufter A II, then at the extremities of the latter there 

acts a load ^ , and at each of the intermediate joints a 
load 1*. 




md resolve it 
into 1 = ac parallel to A C and 2 = hc parallel to A B. 
Proceeding to B combine 2 with P = &d for a resultant 
dc and resolve it into 3 = ce parallel to BCand 4 = ed 
parallel to DB. Now for the joint C combine 1 with 3 for 
a resultant ea and resolve e a into 6 = a/ parallel to C £ 
and 5 = c/ parallel to C D. For the joint D combine 
5, 4, and P = dg for a resultant /j and resolve /ff into 
7 = fh parallel to D E and 8 = ^ A parallel to D P. 
"^ forces meeting at the joints E, F, Q, and H are 

treated, and we obtain 9 = hi; 10 = a » ; 

l=lk; 13=im; 14=am; 15=mo-, l6=on. 



I 
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Tlie Lattice Cantilever, Fig. 40. — Suppose the 
structure loaded merely with a weight P suspended 
at A, to be fixed in the wall at B and C, and to be 
symmetrical about the horizontal line AX, 







In the stress diagram begin by resolving the exterior 
foree P = a b into 1 and 2 respectively parallel to the 
directions of the bars A E, A F ; the force 1 must now 
be resolved into tiie forces 3, 4 and the force 2 into 5, S^-J 
since 1, 3, 4 and 2, 5, 6 meet in E and F reBpectively. F 

We thus arrive at the joint G, for which the two I 
kuown forces 3 and 5 must be combined and their 
resultant resolved into 7 and 8, i, e. in the stress diagram 
3 = 6e is combined with 5 = e/and their resultant/6 
is resulvfd into 7 parallel to G J and 8 parallel to G K. 
Proceeding similnrly, the sti'esses in the bars meeting at 
the remaining joints H, J, K ... are determined and, j 
the stress diagram obtained is symmetrical about th« 
axis XX'; only one half of it therefore need be con-4 
structed. For instance, by reason of their symmetrioaln 
disposition witli respect to P and to the axis XA, 
1 = 2; 3 = 6; 4 = 5; and so on. These equal st 
will however, he opposite in kind ', those \][id,\(;&\&& ^ 




: 111? ^sDZR- 



jointB 
]M^Yeq[iitl 






r T r scr* dwrsioi t T = r i £r»'wii fiist and 
.••^. :: 'L^r ::r**!*iiiL it "iiff lars AC A^ tins 1 

£ 3»inw£ ir.: ? i^fcr^LlIel to BC 
df.\. T' f 7 T.T -itr tlx- C combine 3, 1, 
ir : ': • r » >^T-.'oa: r r ill T'jaciJTf^ n iiLto 5 parallel 
: : .' V »*.: - :' ;"^*r^ -^C v:: 'J H For P combine the 
v-:-^-: ;.c*.'>:< ^ ii.'i ; 3:c 4 r^siltixi/ : sxid resolve the 
ii-c^'c vr:.' ' ^^s^.-el r^- I E ioi S psLrallel to DB. 
fcT.Tf i:c ll. ccciiz. frciEL ibe kDoim forces Q, 6 and 
j^-f.;«j.->5 r iiii IC.. iZii ice 'E^^obvaia. Iiats^ % «:q^^ 
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the forces 11 and 12. rinally 13 ia tlie closing line of 
tlie four-sided figure formed of the forces 11, 10, P, 13, 
which act at Ci. 

The structure shown in Fig. 42 differs from that in 
Fig. 41 only in that the diagonals have opposite posi- 
Fio. 42. 
I*? 




tioDS. The corresponding stress diagram shows that the 
similarly figured diagonals differ only in being strained 
in tlie opposite directions. It follows therefore that if 
in a braced beam the diagonals have opposite positions 
to those of a similar beam, then the stresses in those 
diagonals will be of opposite kinds ; i. e. if they are 
tensile in the one structure they will be compressive in 
the other, and vice versa. 



(\9. The Combined Braced Beam, Fig. 43v 
t tlie two single braced Learns shown ra"?' 
42 are placed oae upon another and com\yvB 




^ 




^ * ^ I 5 



^i-sP 







X , . J . •'. i,v:. ^*v. .'fii r<:i, ^VTTOj^ J^/tf)7S^ ^W iLmJ Locu 

M 4C. xtj ; xi; $s;riir:x:re $j>cTitx is sTmaoeczmJ about i1 
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(ntre line E F and haa to sustain over each bay a 
Jaiformly distributed load P, so that at each of the 
piddle joints D, F, D,, there is a load P and at each 

P 

p the end joints B, Bi a load — . For the reactions at 

L and Ai 

D = 2P. 

I The vertical end pillar A.B has evidently to support 

1 reaction I) directly, hence the bar A C appears to 

Innstraiiied. The force acting at A can therefore ho 

^uoved to B witliout disturbing equilibrium, and cou- 

intly tlie resolution of D is commenced at B. 

iFor the stress diagram make ad = T), and since part 



P 3 

a h equal to the remainder D - ^ := ^ P, aud resolve 



For the joint C resolve 3 into 5 parallel to CD and 

6 parallel to C E. Passing to the joint D combine 
5 and 2 with P for a resultant ed and resolve it into 

7 parallel to D E aud 8 parallel to D F. The centre 
Btrut F E has to bear at it^ top a load P only, and thue 
in F E there is a compressive stress 9 = P. Since 
the beam is symmetrical about FE the stresses of 
the bars forming its rigjit iialf are identical with those 
of the similarly figured bars of the left half. 

The beam shown in Fig, 45 differs from that of 
Fig. 44 only in the opposite position of its d' 
the diagonals of Fig. 45 thei-efore, undergo th 
to the corresponding diagonals of Fig, 
IS9 diagram shows. 
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The two end pillars A B, A^ Bi each suffer stresseg of 

P . . P 

- only, since portions of the reactionis equal to D - r> 



Fio. 45. 



r ^.o !)[ ^' t\ 




3 
or \^ 1* aro directly 8upi>orted by the bars A D and 

A, 1),. Mt)roovor the bars BD, DiBi appear to be 
unloadiHl, lis is also the case with the centre vertical 
bar E V\ thi> load P at F being directly supported by 
tho bars FC and FCx. 

41. The Braced Beams of Figs, 44 and 45 combined. 
— Suppose the two single beams, Figs. 44 and 45, 
8U[)erpose(l and combined. We thus obtain the form 
of structure sliown in Fig. 46, in wliich the stresses 
of those members which coincide must be added while 
those of the diagonals remain unchanged. Since the 
vertical struts in the two single beams, with the excep- 
tion of the two end pillars, suffer opposite stresses, 
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hence for each of the centre verticals of the combined 
beam we have only the compression P, while for the 
end pillars we have 2 P. 



Fig. 46. 




C EC 

42. Braced Beams with parallel Booms and without 
Verticals. — In the single braced beam, Fig. 47, the 

Fig. 47. 




^ 



2c 6 z «r % 6 G * 4 



t 




3 10 aj 



parallel booms are connected by diagonals only. Suppose 
in this case also a uniformly distributed load on "^ 
upper boom BB^, then if the total load on the 



C4 
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together with its weij^ht is 4 P, we shaU have the load 

distribution indicated in the figare, and the reactions 

p 

D = 2 I\ A portion of these reactions equal to -^ will 

p 

evidently bo directly balanced by the loads -^ acting at 

3 

B and B, , while the remainder equal to - P will be 

transniittrd by the end pillars AB, AjBi to B and Bi, 
and th(Mice to the bars 3 and 4. Hence in A C and 
Ai(-, there exist no stresses. 

3 

For tlui! stress diagnim, the partial reaction ^P 

trai)Rn)itle(l to B is resolved into the bar-stresses 
3 parallel to B C and 4 parallel to BD. From 3 the 
strcsHcs 7} = cd and G = db are obtained, the resultant 
de of 5, 4 and V is then resolved into 7 ^fd and 
8 = ef. Finally (5 and 7 arc combined for a resultant 
fb and fb is resolved into =fff and 10 = ^ i. 

SnpiK)He now that a second braced beam, having an 
equal load and diflering solely in the reversed positions 

Fio. 48. 

5 f r f f r r r r ■ 




of its diagonals, is superposed upon, and combined 
witli the first. Then the booms will coincide, and we 
obtain the lattice girder shown in Fig. 48, which will 
sustain twice the load of the single girder (Fig, 47). 
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The stresses on tiie members of this structure are 
obtained by adding the atressea of the coiucidiug booms 
and leaving those of the diagonals unaltered. 

[Lattice girders and girders with parallel booms 
geaerally, are more usually treated by calculation than 
by the graphic method.] 

Braced Beams with permanent and teavelling 
Load. (Bridge Gikdehs.) 

43. Effect of a travelling Load on hraced Structures. — 
Bridge girders have, besides their own dead weight, 
which is constant, to sustain a load over the whole 
bridge due to the heaviest passing train. The weight 
of the bridge may be supposed uniformly distributed 
over its whole length, and hence by para. 12 we can very 
easily obtain the bending moments and sheuring forces 
at any section, dne to it. It is however, different in 

^^ the case of the travelling; load. It is necessary in this 
^Lease to determine for what position of the load the 
^HlBtresseB on the various constructional parts of the 
^V. girder attain a masimum. For this purpose we shall 
^ investigate first the effect produced by a concentrated 
load on the bars to the right and left of it, and then 
I proceed to apply the results obtained. 

[Note. — In the following figures those portions of a 
Igirder which are left out of consideration are dotted.] 

44. MaxiMum Stress of the Booms. — In order to de- 
EteTmiue the effect which a concentrated load P applied 
■on the right of the section ajB {Fig. 49) eserta on the 

X)m E G, i. e. to ascertain whether the stress in E G 
1'^ tensile or compressive, suppose the girder cut into 
^wo parts by a section plane a/3 and that imaginary 
•exterior forces X, Y, Z, are applied at lli^ -^\'e&& ^ 
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section, capable of mamtainiDg eqnflibrimiL Now on 
the left portion A E F of the girder there are acting 
only the three forces X, Y, Z, and the reaction D at A 
due to the concentrated load P. These four forces must 



Fio. 49. 



I. 



-d- 



ft " 



therefore be in equilibrium, and hence the algebraic 
sum of their statical moments about any point in their 
plane must be nil. In order to eliminate the forces T 
and Z, take moments about F the intersection of the 
directions of those forces. Thus if A and x are the 
perpendiculars dropped from F on the directions of D 
and X, 

D.5 — X.a? = 0; orX = — ^ — 

X 

The direction arrow of X indicates that the seg- 
ment E G of the upper boom is in compression under 
the action of P, and hence every load applied on the 
right of the section plane a /8 exerts a compressive stress in 
thai segment of the upper loom which is cut hy the plane. 

The effect produced by a load P applied to the left 
of the section plane a /8 (Fig. 50) can be similarly in- 
vestigated. Taking moments about F, 

Di.d, 



- 'Di.di + X.aj = 0; or X = 



X 



^m 
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ST 



Tlie direction arrow indicates that EG is again in 
compression ; thus, every load applied to the left of the 
tegment E G eiceris in EG a compressive stress. 




The above reasoning will of course hold good for any 
•section between E and G. 

Hence generally — 

The upper hoom suffers compressive stress only, and 
this stress attains a maximum when the whole girder is 
fully loaded. 

In a similar way the condition of maximum stress in 
the lower boom can be investigated. Suppose a con- 
centrated load P to be applied to the right of a^ 
(Fig. 49). Take moments about G and call d and z the 
perpendiculars dropped on the directions of D and Z 
respectively. Then — 

D.d 



B.d ~7,.z = 0; or Z = - 



The direction arrow of Z indicates a tensile stress L 
Sie segment F H of the lower boom, 
' If the load P is applied to the left of F H (Fig. 50), 
aen taldng moments about G, 

_D,.(7, 



-D,.d, + Z.s = 0; orZ = 



IS in^^j! 
50). J 
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The stress in F H is therefore again tensile, and 
lience generally — 

Tlie lower hoom is subject to tension only, and this 
tension is a maximum when the girder is fully loaded. 

4r>. Maximum Stresses of the Braaing Bars. — Under 
tlie term ** bracing bar'* are included those members of 
the structure which serve to unite the upper and lower 
booms, e. g. the vertical and diagonal bars in Fig. 49. 

In order to obtain the stress Y in a diagonal bar F G 
(Fig. 49), suppose a concentrated load P applied to 

the right of the section 
plane a )8, and obtain the 
^X condition of equilibrium for 
\A tlie left portion (Fig. 51) 
of the structure. Taking 
moments about O the point 
in which the boom seg- 
ments E G and F H meet 
if produced. Then if y and 
8 are the respective perpendiculars dropped from on 
the directions of Y and of D, 

-D.8 + Y.y = 0; or Y = — . 



Fio. 51. 



U' 




-■f^ 



Z 



The direction arrow of Y indicates that any load 
applied to the right of the bar F G exerts a compressive 
stress in F G. 

Suppose the load P to be applied on the left of the 

section a 13 (Fig. 52), then taking moments about 

and calling y and Bi the respective perpendiculars 

dropped from on Y and on Dj the reaction of the 

-* dae to P, 

\ + Ty=:0;orY = "^^- 
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The direction arrow of T indicates tensile stt 
F G. Hence— 

Every load applied to the left of the bracing har F CJ 
vrill exert in that bar a tensile stress. 



I 




Since then, loads applied on opposite sides of any 
diagonal bar produce opposite stresses, hence — 

A bracing bar is in the condition of mcueimum stress if 
the girder on one side of it is fv^li/ loaded and on the 
oilier is unloaded. 

The aame rule holds in the case of the vertical bars. 
To ascertain the maximum stress in J K (Figs, 49 and 
50), suppose the girder cut by a section plane 7 e, so 
that only three bars including J K are divided. Let a 
force P be now applied, Ist, to the right of the section 
plane 7 e, and 2nd, to the left of that plane, and obtain 
the condition of equilibrium of the two other bars by 
taking moments about U. It will then be seen that in 
the girder (Figs. 49 and 50) any concentrated load V 
applied to the right of J K produces in J K a tensile 
stress, while a load applied to the left produces a coni- 

Iesaive stress. 
Hence generally in a braced girder — 
Eaeh bracing bar is in the condition of maximum stress 
ien every joint of the girder either on. the t igU qt wv B 
'Ifif/^ bar is/ulhj loaded. 
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46. Oirders with paraUel Booms. — Id the case of 
braced girders with parallel booma the above method 
of iiiyeatigatiiig the greatest elresseB in the several 
parts can equnlly be employed. 

In order, for example, to determine the effect pro- 
duced by a concentrated load applied to the right of 
the section plane a (Fig, 53). Suppose as before, 




that by the application of the forces X, Y, Z at the 

points of section the equilibrium of the left portion 

j,jg ,, (Fig. 54) is maintained. 

-^ Hesolve vertically, then 

jl,.-'' ■"■■.. *- Y COS. (iJO"*-^) = D; 



^". 


■■■-.1 i I 


^ \ 


\K 



In tliis case Y tends io 
produce a right-handed 
rotation, ami the coirtispuudiug direction aiTow evi- 
dently indicates that the stieBs in E G due to P is 
.ensile. 
Ireotiiig tbe case of a concentrated load applied to 
;. 55) in a precisely similar way, we 



aiSDEBS WITS PABALLEL BOOMB. 



of tha^^^ 



Fio. 55, 



■^r 
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t 



In this case the direction arrow of T indicates 
pressive stress in the bar F G. 

Hence generally — 

Every concentrated load applied to the right of tha 
diagonal bar FG- produces tension in it, while a load 
applied to the left produces compression. . Any diagonal 
of a braced girder with •parallel booms is consequently in 
the condition of greatest stress wJien the girder is loaded 
to Us maxitnum. on one side of that diagonal. 

t 

^B The same rule holds also for the vertical bars. 

• For instance, in order to determine the greatest streM I 
in the third vertical E F {Fig. 53) draw the section Hne 
7 S and investigate the effect of a concentrated load P 
applied to the right of f his section plane, and producing 
a reaction D at A (Fig. 5(i}. Apply the forces X, V, Z, 
at the sectional parts and resolve vertically, thus 

V = D. 

Hence the bar F S is in compression. 

Again if the load P is applied to the left of 7S and 
produces a reaction Di at J3 (Fig. 57), then resolving 
vertically, 

V -- D,. 



A.nd the direction g 



V of y indicates a tensile strea 



^aiiF. 
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Hence generally — 

The vertical hars suffer opposite stresses when the load 
is applied on the right and on the left of them, and their 
greatest stress occurs when the girder is loaded to its maxi- 
mum extent on one side of them. 




In conclusion with regard to the greatest values of 
the stresses X and Z of the two horizontal segments 
of the booms (F H and E G, Fig. 53), these stresses 
will as in all braced girders be a maximum when the 
whole structure is fully loaded. Moreover in the case 
of parallel booms X and Z are the only horizontal 
forces which enter into the case, therefore since no 
variation in a horizontal direction can arise, 

X = Z. 



Braced Gibbers fob Eailway Bridges. 

47, General Case. — By means of the results obtained 
in the foregoing paragraphs it will not be difficult to 
determine the greatest stresses on the various construc- 
tional parts of a braced girder. 

It must first be ascertained what amount of the dead 
load and of the greatest live load on the whole bridge 

b on a single girder. If the total load is borne by n 



RAILWAY BRIDGE GIEDEns. 

iqually stronjt girders, then the ilett'l Jnatl together 
with the aggregate axle pressures of the heaviest trains 
covering the bridge, raiist be clivideil by n. Then by 
construction obtiiin, as in paras. 9 and 12, the greatest 
shearing forces (V) and moments {M) at the various 
joints of a single girder due to the dead and to the live 
loads. 

This having been effected we pass to the determine 
tion of the stresses in the booms. 




\ Stresses of the Booms. — Fig. 58 represents a braced 
Brder with single diagonals and M,, Mj, M3 .... the 

iftximum total moments at its successive joints ob- 
tained by adding the values of the moments given by 
the dead and live loads. In order to determine the 
stress in any segment FH of the boom, suppose the 
girder cut into two parts by a section plane a/3, and 
tlie right half having been removed apply the forces 
Xj, Yj, Za at the points of section. Let V3 be the 
shearing force duo to the exterior forces acting on 
the left portion of the girder, and in order to obtain 2 
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take moments abont G tlie intersection of the directiona 
of Yj and Z , thus 

\,.v^-X,.X3 = 0; orXj= ^^ 



But the product Vj.Vj ia the moment M, of the exte- 
rior tbrcea anting on the left portion of the girder. 
Hence 



Similarly the stresses of all the remaining segment* 
of the boom can be obtained. The segments A C, A D 
however, which meet at the support, can be most easily 
treated by a direct resolution of the maximum support 
reaction along their directions. This maximum reaction 
will evidently arise when the train moves from B to A 
and the leading locomotive asle is over A. 

Stresses of the diagonal Bars, — The maximum Btreas 

of the bracing bars arises when the moving load covers 

one side of the girder and when the larger portion of 

the girder ; i. e. the portion between the bar in C[uestion 

and the farther abutment, ia covered by the moTing 

load. But BUice the dead load ia constant, it will be 

best to determine iirst the stressLB cuused in the several 

bracing bars by this deud load and then to pass to the 

determination of the maximum stresses due to the 

monng load. By adding the streseos thus obtained 

'ing due regard to their sign) we obtain the maximum 

Lreas on the various bracing bai's. The stress 

dead load can be treated as has already been 

=) case of braced structures with u fixed load. 

I be unneeesBaiy to treat it further, and 
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we can therefore proceed to the determination of the 
atresses in the bracing bars due to the moving load. 

For example, the maximum stress Tj in the diagonal 
F G (Fig. 58) will by para. 45 occnr when the train, with 
two of the heaviest loeomotives at its liead, coming from 
the right abutment B, arrives at the section plane a^. 
Obtain, as in para. 9, the shearing force V^ corresponding 
to this position of the load, then V3 will (since only one 
portion of the girder is loaded) be the reaction at the 
abutment A. 

If then the portion aA/3 (Fig. 59) is in equilibrium 
under tlie forces X3, T3, Zj and V3 acting on it, the 
algebraic sum of the statical moments of these forces 
about any point in their plane must be nil. Hence 
taking moments about O the iuteraection of the direc- 
tions of X3 and Zj , — 




' Since V3 tends to cause left-handed rotation Y3 will 
tend to cause right-handed rotation, and hence the 
direction arrow of Y3 indicates that the greatest stress 
in F G ia teusile. 
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JV«^>— If the mteisectioQ O of the directions of tlitj 
l>>nxi* Xi ftud Z, is DiuiTailal'le, the deterroiuatioD of ^ 
CMi be dntll with aivontiug to para. 17. Resolve ti 
abwMTBg furce V, w-tiog at A, Fig. 60, in tbe dirs 
tkai of the three other forces X;,, Y^ and Z,. Prodne 
OOB of thf>m X, to m«el V, in s, then the resultant 4J 
V, umI X, ma^ he eqaal to the resultant of Tj and 1 
uhI hare G < as its direction. Make O a = Y^ 
from tlw extremities of a lines parallel to X^ and Qi 
ami n^olve O t the residtaut of Vj and X^ into Tj = 
and Z. = c O. j 

It ha» Uh-u £htiwn aboTe tliat the maximam strm 
in the dia^nal bar F G (Fig. 58) ib teniiule and aiiati 
when the train coming from the ritfhi abutment amiH 
at the »ectk>D plane a /3. According to para. 45 ^ 
sane diagonal will suffer tbe greatest compreBffl^ 
stnws «ben the train coming from the lefi armtt 
W afi. 







l*« V, W tbe siieariiig force corresponding to this 
)\v«li.W »\1' tW iiwd. Th^i considering the portior 
Ix ■»« ».^ iW rijrhl '.W' the section plane afi, Fig. 61, on 
*>.h->*. K^.V« rW fi'*v«: X3, Yj, Zj, there acts odJj 
tW Tvy»t'49<.'Kii V'n aimI taking looments about 0, — 
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The diagonal F G v 



1 consequently be in the condi- 
tion of maximum tensile or compressive stress accord- 
ing as the train arrives at a j£f from the rigid or from 
the left. 

Similar conditions obtain in the case of all the dia- 
gonals of the left half-girder. 

In the right halt-girder opposite conditions of stress 
obtain on account of the reversed position of the dia- 
gonals with respect to the centre Jine ; i. e. the diagonals 
of the right half-girder are in the state of maximum 
tension if all the bays to the leji of them are loaded, 
and in that of masimnm compression if all tho bays to 
the right are loaded. 

If in any bay, e. g. the third, a diagonal bar E H, 
Fig, 58, leaning to the right is subatitnted for FQ- 
leaning to the left, then this bar will evidently suffer 
stress of opposite kind to that in F G, and it will in fact 
suffer the same stress as M N to which its position is 
symmetrical. 

Stresses of the vertical Bars. — By para. 45 the vertical 
bare also, are in the condition of masimuui stress when.— 
the structnre on one side of 
them is fully loaded. 

Suppose that it is required ; 
to determine Uo the maxi- i.- 
mum stress of the second qL-'-'A- 

^^ertical bar EF, Fig. 62, : 

^HA)en the train coming from * 

^Hbe right abutment must 

^Tfcve arrived at E F. Obtain as in para. 9 the sheorini 
force Vj corresponding to this position of the wheels, thea 
Vi will act as a reaction at the abutment A. Kuppc 

^■A&t the portion yBA is iu equilibrium under l1 
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action of the forces X^, Uj, Zj, and V,, then takiof 
naoments about 0, — 



', + U,. 



= ; or Ua = - 



Since in this case TJi tends to produce right-handed 
rotation, its direction arrow indicates that the mazimam 
stress in EF is compressive. 

If the train cornea from the left abutment and EurJTes 
atEF, thenEF isin the condition, of maximum tension. 

Let Vj be the shearing force due to this position of 
the load, then as a condition of equihbrium of the por- 
tion 7 B S, taking moments about 0, — 

find the direction arrow of U^ now indicates a tensile 




All the other vertical bars of the left hdlf-girder 

Bubject to similar conditions ; tliat is to say, they are 

in the condition of maximum compression if the train 

■'1 the bays to the right of them, and in that of 

msion if the train occupies all the bays to 

■a. 

'^alf-girder, it results from the reversed 

igonala with respect to the centre 
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'linej that the vertical bars alaoj are strained in the 
opposite way ; i. e. the verticals of the right half-girder 
are in a condition of maximum compression or tension 
according as the train occupies the bays on the left or 
rigM. 

48. Crossed, or redundant Diagonals. — It has been 
shown that in a braced girder of the general form 
given in I"ig. 58, the bracing bars are alternately in 
tension and compression. Since however, it is not 
easy to arrange and connect burs capable of resisting 
both tension and compression, it ia usual to introduce 
crossed diagonals in every bay in which the single 
diagonals would be subject to both tension and com- 
pression. If both these diagonals are constructed as 
tension bars incapable of resisting compression, then 
each bar will be subjected to stress only by that load 
disposition which causes tension in it. In the braced 
girder with redundant diagonals (Fig. 64,) therefore. 




ftily the maxima tensile stresses, determined in the 
case of the single braced gii-der, Fig, 58, need be taken 
into consideration. For instance, in the tliird bay there 
comes into play in the diagonnl F G tbe tension Y, 
(max.) and in E H the ten:^ion Yj . In the same way 
the stresses of the crossed diagonals of the remainr 
■C^jB can be obtained directly from Fig. 58. 
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If tfap redundant diogonals are conKtriirted solely aa 
tension bara incapable of resisting cum press ion, then 
evidently tlie veitical bars must be capable of resisting 
the maximum compressions arising in them. These 
maximum compressions (U) can be determined as in 
the case of the girder with single diagouala, Fig. 61 

In conclusion it should be noticed that on accoant 
of the syi II metrical arrangement with respect to th( 
centre line of the vtiriims bars of the girder with 
redundant bracing (Pig. 64), the symmetrically situated 
bars will undergo equal stresses. Thus — 

X, = Xs; X, = X,; X3 = X,; X. = X,; 
Z, = Z„ ; Z, = 2, ; Za = Z„ ; Z^ = Z^ 
and so on. 

Note. — If the crossed diagonals are so constructed aj 
to he capable of resisting compression only (aa is thi 
ease in wooden Btructures), then the diagonals or strut 
will take up only the greatest compressions, and th< 
verticals only the greatest tensions of the correBpondiaj 
singly braced girder. 

4i). Special Cases,— The determinatiou of the stresse 
in the " Pauli " and parabolic bowstring girders can b 
proceeded with in the same way as in the case of thi 
bowstring suspension shown in Fig, Ci. 



I former has virtually the same form as the bow 
lUflpensioD, while the latter is of the form showi 
i5. The upper joints lie on a parabola whos 



J. 
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' Tertes is at the centre joint s and the lower joints are 
iu a straight h'ne. Mote rarely the reveree arrange- 
ment is met with. 

In the " Schwedler " girder, Fig. 66, in the girder 
with parallel hooms, Fig. 67, and in tlie half paraholic 
gii-der, Fig. 68, the crossed or redundant diagonal 
hraces are required only in tlie respective centre bays, 
since it is in these bays only, that tlie diagonals aie 
subject to both tension and compressiou. For further 
information with respect to the systems above named 
the reader is referred to the ' Baumechanik,' published 
by Dominicua of Prague. 

FiQ, 66, 




50, Fixed Load in place of travelling Load.— 
graphic determination of the stresses in bridge girders 
becomes still simpler if (as has hitherto been the almost 
universal practice) a corresponding fixed load is taken 
into consideration in place of the real travelling load. 
This mode of procedure leads, however, to results which 
_jUe far from correct, more especially in the case of 



GRAPUIG STATICS. 

railway bridges of short span ; it is however, permisaibli!"'' 
in the caao of road bridges, since for them the worst 
ease of loading is usually taken as a crowd of people. 

The maximum bendiug momenta are obtained as in 
para. 12 by meana of a parabola, while the ebearing 
forces corresponding to a load covering the bridge on 
otie aide of any section can be determined by means of 
the funicular curve and polygon of forces. 

Since the deternaination of the maximum bending 

moments has been fully explained in the paragraph 

above named, it will be necessary only to deal with that 

of the shearing forces due to a travelling load partially 

I covering a beam, 

Fra. C9. 




Let q be travelling load per unit of length of a b 
Lab, Fig. 69, and I the length of the beam. Tiien the 
I total travelling load isq.l and tlie reactions (if the load 

Icovors the beam) are both equal to ~. The funicular 

wlygon corresponding to this position of the load 
es a parabola whose vertex s is obtained by 

making ms = ^^ , where H is the polar distance in the 

ponding polygon of forces. In this polygon of 



Bi = yJandA,A = ftB, 



= hB.=^K 



Suppose that 



imn shearing force due to the travelling load 



CONCENTHATED LOADS. 

18 to be determined for any cross section C distant a ' 
from A, then the load must coyer B C tlie greater por- 
tion (or the distance of C from the farther abutment) 
only, and the portion of the load q.ai on the smaller 
portion A C must be supposed removed. This portion 
of the load can (as in para, 9) be immediately cut away 
by dramng a tangent to the parabolic funicular curve 
at c (vertically under C) and producing it to cut a ver- 
tical dropped from the nearest support in Ui. Then 
a, & ia the new closing line of the funicular polygon cor- 
responding to the partial loading of the beam. In the 
polygon of forces draw Si parallel to «[ t through O 
the pole and set off A, V on the line of loads equal to 
q . X, then SiV will be the new reaction at the support A 
and SjV is therefore the required shearing force at C. 

k51. Concentrated Loads on small Spans. — In bridges 
small span the stress due to a heavily laden waggon 
ay be greater than tliat due to a crowd of men. In 
Figs, 70, 71, and 72, three different load distributions 
are given. That of Fig, 70 serves for bridges in ordi- 
nary country roads, that of Fig. 71 for bridges in 
mpike roads, and that of Fig. 72 for bridges in large 




, where not unfrequently from the transport of 
»vy machines, boilers, railway waggons, and dia- 
tounted locomotives, very considerable axle pressures 
ilTe to be provided for, 

g1 
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The weight of a pair of horses has been talieii in 
each case asO-6 ton. Bridges constructed for the load 
indicated in Fig. 72 can also be use<l for tramways. 

The determination of the shearing forces and bending 
momentB can be proceeded with as in para. 9. 

FicTl. 




Construction of the Line of Resistance of an 
Alien. 
52. In conclusion it is proposed to determine the 
conditioQB of stability of a symmetricttlly formed and 
symmBtrically loaded arch, by the construction of its 
line of resistance. 

Let A B C D (Fig. 73) be any portion of au arch 

whose ihicknesB perpendicular to its face will in the 

™»(r investigations be considered us nn i^_._ Two 

' P act on this fragment, of which the first 

of the portion A B C D of the arch-ring 

ta fluperincnmLcnt load B E F C, while 

ure transmitted from the adjacent 
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iortion of the arcli. The resultant of G and P must be 
balanced by the reaction of C D. 

If then the portion ABCD rests in stable equilibrium 
on the skewback C D under the fic. 73. 

action of these forces. Then — 

1. In orderthat rotation about 
the edges C and D may not take 
place, the resultant R of P and 
G must cut the plane C D some - 
where between those edges. 

2. In order that no sliding 
may take place along C D, the 
angle </) made by II with the normal N S must be less 
than the augle of friction of the stone of which the 
arch is built, whiuh angle is about 30°. 

3. The greatest pressure per unit of area on any part 
of the plane C D must not exceed the safe resistance of 
the material. 

In order therefore that every portion of the arch 
may be in stable equilibrium, these three conditions 
must hold at every joint. 

By joining the successive points in which the re- 
sultant of the exterior forces cuts the successive joints a 
continuous line, termed the "Line of Resistance," is ob- 
tained, which line is clearly the funicular polygon of the 
exterior forces acting on the several portions of the arch. 

The best distribution of pressure in the arch-ring 
would therefore occur if this line of resifitance co- 
incided with the curve passing through the centre point 
of each joint, for then the pressure would be uniformly 
distributed over the plane of every joint. 

In practice however, such a high degree of 8 
is seldom attained and it is usual only to proT 
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the stress on every joint /should nowhere change its 
sign ; i. e. become a tensionVinstead of a compression. 
Let A B (Fig. 74) be any joint, then the limiting 

condition of the compression on A B 
is that this compression sh ould be 
nil at A and increase Pgi fo™]^ 
from A to B. The resultant com- 
pression on AB will therefore be 
represented by a triangle, and if 
AB = h and B C (the maximum 
^^ compression at B) = N, 

B = "2" W 

Since under these conditions E must pass through 
the centre of gravity of the triangle B C A, the point 
O in which E cuts A B is determined by making 

B0 = 5AB. 
o 

Hence, it follows ihat in a properly constructed arch the 
line of resistance should cut every joint within the centre 
third of the length of that joint. 

From equation (a) 

N = ^ (^) 



and this equation therefore gives the value per unit of 
area of the maximum compression N, which maximum 
compression is double as great as it would be if B 
passed through the centre point of A B. 

Considering the symmetrically formed and sym- 
metrically loaded arch in Fig. 75, it is evident that 
the two halves A B C D and A B Ci Dj produce equal 
but opposite moments relatively to the skewbacks D C 
and Di Ci exerting; at Jke cYo>Nl^_gi>,3^Q^^^si^.V<:st^^^ 



. The same conditions of equilibrium must 
eyidently obtain in the case of both half arches, hence 
the half A B G D alone need be taken into considera- 




supposed replaced by the 



tion, the other half beinj 
horizontal thrust H. 
I The question arises, how to determine the height! __ 
I above A of the point of application of H ? 

In order that the arch may have tlie high es t degr ee 
of_Btahilit Y, the line of resistance should pass through 
the^middle point of A B ; this would therefore be the 
point of application of H. If however, it is merely 
intended that the designed arch should possess a degree 
of stability which comes within the prescribed limits, 
i, 6, that the line of resistance should nowhere cut a 
^joint outside the middle third of its length, then the 
Hpoint of application of H will be within the centre tliird 
^Bf A B, According to the tlieory of least resistance, 
Hthe horizontal thrust ou A B will be the minimum 
conaiatent with the maintenance of equilibrium. Sup- 
pose provisionally that the arch ia stable and let G be 
I the weight of the half arch together with its load, then 
^e resultant of G and H ought to cvA Vq* Y'KtA ^\i 



I 
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within its middle third. Then taking moments about 
the point a, 

R.h = G.ff; or H = ^ . . (7) 

; ^ 

Thus H is greater the greater t is and the less V is, 

A B C D^ 

and in the limiting case B = -5- and 8 = -q- • 

In order to sing^Ufy Jhe constructi of ihg.„line^ 
r^istance^ jthe load on. the. arck-is.nediicfid-to.su ch an^ 
equiyalent .mass of the arch material, as will exert the 
^mejr^ssure as the actual load. 

Thus if 7 is the weight of a cubp foot of the arch 
material, 71 the weight of a cube foot of the superm- 
cumbent material, and h its height above any point on 
the extrados of the arch, then the height y of the corre- 
sponding equiyalent load is given by the equation — 

7i.A = 7.y; whencey = •'^^^ . . . (S) 

7 

If the arch is a bridge arch the live load must be 
taken into account and must a lsoJbe represented by a n 
equivalent mass of arch material The live load per 
square foot of roadway may be taken in street bridges 
at 270 lbs. and in railway bridges at 950 lbs. Thus if 
ff is the weight per square foot of the live load on a 
bridge and 7 the weight of a cubic foot of arch 
material, then the height (yi) of homogeneous material 
equivalent to the live load is given by the equation — 

ff = y.yi; oryi =^ . . . . (e) 

7 

(In English practice it is usual to allow about 70 lbs. 
> Ibot as the weight of a crowd of people. 
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and for railway bridges about 2 tons per foot for each 
line of rail.] 

In Fig. 76 an arcli with its load line deduced from 
equations (S) and (e) is shown. The line of resistance 
of this arch is to be drawn. 

FiQ. 76. 




Assimiing the thickness of the arch perpendicular to 
the plane of the paper to be I foot and tlie weight of a 
cnbe foot of the arch material to be taken as the unit 
of the forces acting on the arch, then the areas 
A Ci Aj , A, C, Ca Aj , etc., are evidently proportional 
to the vteiffhis of the several vertical strips and may 
therefore be taken to represent those weights. 

The weight of the vertical strip above the skewbaek 
is borne entirely by the abutment and does not there- 
fore enter into the question of the delfirmination of the 
stability of the arch. 

The breadths of the strips should be «q %ma?\ ^}£^.%^. 
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Fig. 77. 



they are nearly trapeziums. The areas of these trape- 
ziums will then be equal to the product of their 
breadths into their mean heights, and their centres of 
gravity will be approximately in their centre lines. 

In supposing that at the joint m n the weight 
AA3C3C of the first three trapeziums acts, there is 
an error, since the real weight acting at that joint will 
be less than A A3 C3 C by the triangle A3 m n. Hence 
the joint at which the weight A A3 C3 C acts must be 

somewhere a little lower 
down. To obtain this joint 
bisect A3 m (the base of the 
triangle of error), join the 
point of bisection with C3 
and draw A3 3 parallel to 
0C3. Then the joint passing 
•through 3 is the one re- 
\ ,.'-'' quired, and on this joint 
•'g act the combined weights 
of the three first strips. 

This correction of the 

joint amounts to reducing a 

triangle abcio bl parallelo- 

grani adli (Fig. 77) having as one of its sides the hypo- 

thenuse a c of the triangle produced to a fixed point d. 

Now ao = oh, and cf is parallel to ol and d e, hence 

the area adli oiled Ifh is equal to ahc. For — 




and 
bat 



A ahe = ao.bc 
hedlfh = adli =fc,dg, 

fe:ed = lc:dff 
fc.dff = Iced = ao.he. 

^'dlfk. 
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By means of the above construction obtain a new 
series of joints on whicb the weights of the strips 
ACi, ACji AO3 act. Then determine the liorizontal 
tb.riist H by equation (7) or more correctly from 

H = r.z (f) 

where r is the radius of curvature in feet at the 
crown of the arch and s the height of the point 
above the crown A* 

In order to iuvestigate the stability of the arch with 
respect to its several joints, the line of resistance must 
be drawn, i. e. the horizontal thrust H must be com- 
liined successively with the weights of the portions 
AC|, ACj, AC3 . . . and the intersections J|, 4. *a. - ■ • 
of the resultants so obtained witli the correspondiijg 
joints 11, 22, 33 .... will then give points on the 
required line of resistanca 

The construction can be made in the following way. 
Draw the diagram of forces as shown in Fig. 76, making 
OL equal to the horizontal thrust H. Then set off 
1*1 1 Pi + i'35 i'l + i'a + Pa . . . . (the weights of the 
strips ACi, ACj, A C3 . . . .) from L on LLj the hne 
of loads, thus obtaining the resultants Ei, Rj, E3 .... 
In order to obtain the lengths representing ^i, p^, 
Pj, . . . . scale off the breadth and mean height of each 
strip from the drawing, and obtain the areas of all the 
strips in square feet. Then take off the numbers so 
obtained from any convenient scale and set them off 
from L along L l-i . The thrust H (obtained from 
equations 7 or t) must of course be taken off from the 
same scale. 

Through a the intersection of H with p, draw a line 
!Q ProfeaBot von Ott'a ' Ban- 
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parallel to the ray B^, then t\ , the point in which a h 
cuts the joint 11, is a point on the line of resistance. 
From h draw h c parallel to Ej, thus obtaining ia in the 
joint line 22, which is a second point on the line of 
resistance. The points i^ and t4 in the joints 33 and 
44 respectively are similarly obtained. 

If now the line of resistance passes within the centre 
third of each joint, the arch possesses the degree of stability 
against rotation necessary in practice. If moreover^ the 
line of resistance makes ivith the normal to each joint an 
angle less than the angle of friction of the arch m,aterial 
(about 30°) the arch possesses sufficient stability against 
sliding. If jmaUy the m^axirrmm normal pressure 

-J- j brought to bear on the joints is less than the 

safe resistance of the arch m^aterial to crushing, (using a 
factor of safety of 30 for a bridge of aboui 100 feet span^ 
the arch is safe against crushing. 

It is evident that in flat arches the line of resistance 
ii^ i2 % h will approximately coincide with the line of 
pressure abode, and hence in such arches the degree of 
stability can be inferred merely from the line of pressure. 

In order to determine whether the abutment is 
strong enough, combine the resultant of H and the 
weight of the portion A B. D C, which resultant is 
given by the ray B4, with the weight of the abutment 
p^ obtaining a new resultant B5, and see whether B^ 
cuts the ground surface F J in such a way as to fulfil 
the three above conditions. 

The moving load has been taken only as covering 
^B arch and not the abutment, and hence the reduced 
line G D E E is in Fig. 76 a broken and not a con- 
%Qe. 
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PART m. 



ELEMENTS OF THE THEORY OF STRENGTH 

OF MATERIALS. 

53. Strength of a Prismatic Bar. — The tensile or 
"compreaaiye strength of a prismatic bar cornea into play 
when P, the resultant of the exterior forces, eoincidea 
in direction with the axis of the bar and is exerted 
either as a tension or compression according as P tends 
to produce an elongation, or compression between two 
neighbouring cross sections. Hence, if in addition to 
the external loading, the weight of the bar is taken into 
acconnt, tlie bar must be placed vertically in order that 
its normal strength may be exerted. In short bars 
however, such as those which usually occur in braced 
atruetures, the effect of the weight of the bar may be 
left out of consideration, since it ia very small relatively 
to the exterior forces. 

The tensile or compressive strength of a bar, i. e. its 
resistance to tension or compression in the direction of 
itB length, is directly proportional to the cross section, 
since evidently the greater that cross section is the 
more fibres there are to resist tearing or crushing. 

That weight which ia juat capable of tearing or crush- 
ing a prism whose cross section is a unit of area is 
termed the " coefBcient," or "modulus" of teaiatance to 
I tension or compression. 
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If E is the modolus of resistance to tension, 
E| » 99 y» 99 compression, 

F the area of the cross section of a bar, 
P the force which will tear or cmsh it. 



Then P is given by the equations, 

P = K . Fl 
P = K,.F 



(a) 



The following table giyes the mean yalne of the 
moduli of resistance of the most important materials, 
the ponnd being taken as unit of weight and the square 
inch as unit of area. 



HftteriaL 



Wrunght inm . 

Ordinary steel 
i Cast steel 
! Cast iron .. 
: Wood .. . 
i Stone 



Modolos of ResMtanoe. 



TeukMi. ; OmpreaBioD. 



57,000 
85,000 
114.000 
18,000 
11,400 



57,000 

85,000 

142.000 

105,000 

8,500 

4,300 



In actual practice we have to deal less with the force 
by which a prism can be torn asunder or crushed than 
with the load which that prism can safely support 
for the time intended, and it is therefore usual to 
load each unit of section with a fixed fraction of the 
^nodnlns of resistance only, this fractional portion of 
niodalus of resistance being called the ''safe" 



H loa^ * Tf the working load is -th of the 
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modulus of resistance, n is termed the "factor of 
safety." 

if therefore n is the factor of safety, J the working 
load for tension and A^ that for compression, then 

■ or 



C) 



■ («) 



Hence the safe load of a bar of cross section F is 
P = i.Fl 

p=A,.Fr ■ " 

If however, the actual and the working loads s 
given, then the cross section is determined by 



• w 



The proper degree of security to be assumed, i. e. the 
value of the factor of safety n, depends not only on the 
nature of the material but also on the purpose for which 
the bar in question isintended. In general ?i should be 
greater for a travelling than for a fixed load and n 
should moreover be greater the greater the vibration to 
which the bar is subjected by the travelling load is. 
For instance, in calculating the dimensions of the struc- 
tural parts of a wrought-irou bridge, » is taken at 5 for 
the main girders and 6 for the cross girders which are 
subject to greater vibration ; while in building whore 
the loads are mostly stationary n may be taken at 



i4_l 
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The following table gives the usual values assigned 
to n for different materials. 







Fixed 
Load. 


Travelling Load. 




MateriaL 


Temporaiy Permanent 

Structures. Structures. 

1 




Wrought iron 

I Dt66l •• •• •• «•' 


4 


3 


5—6 






Cast steel ) 












Cast iron 


5 


4 


6 '8 






Wood 


10 


6 


12 




' Stone 


20 


^^ 


30 








Hence referring back to the first table we have the 
following as the mean value of the working load, i. e. 
the permissible load per unit of sectional area, taking as 
before the pound as the unit of weight and the square 
inch as the unit of area. 



Material. 



Wrought iron . . 
Ordinary steel . . 
Cast steel . . . . 
Cast iron . . . . 
Wood . . . . 
Stone 



Dead Load. 



Travelling Load. 



Tension. 



Com- 
pression, 



11,400 

21,000 

2H,000 

3,700 

1,100 



11,400 
21,000 
28.000 
21,000 
800 
200 



I 



Temporary 
Structures. 



Tension. 



14,000 



4,000 
1,800 



Com- 
pression. 



14,000 



26,000 
1,400 



Permanent Stmcturet. 



Tension. 



9,900— 8,600 
17,000—14,000 
23,000—18,000 



GompressioD. 



9,900— 8^00 
17,000—14,000 
23,000—18.000 



2,800— 2,300 17,000— 12.800 
800 



Examjple, — What must be the diameter of a wrought- 

iron rod capable of sustaining a load of 10,000 lbs. taking 

I of the breaking weight as the safe load ? 

P 
By equation (d) F = -^ . Let d be the diameter of the 
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bar, Ihen its cross section is -r d*, and since P= 10000 
4 

, , 57000 ,, ... „ 
and h = — - — = 11400. Hence 

r' Tf ^, _ 10000 

4*^ ^11400* 
hence d= 1-05 inches nearly. 



Resistance to BENorNO of a simple STiiATQHT 
Beam. 



54. General Considerations. — A. body will be subject 
to bending stress when the exterior forces are per- 
pendicular to its axis, i, e. perpendicular to the line 
joining the centres of gravity of all cross sections, and 
when the forces He in one plane passing through the 
axis of the body. 

The forces may be partly concentrated loads and 
partly loads distributed over the whole length, or over 
particular portions of the length of the beam. The re- 
actions of the supports moreover, belong to the exterior 
forces. Through the action of all the exterior forces, 
the beam, which may be conceived to be a bundle of 
fibres running parallel to its axis and fast bound 
together, undergoes a bending which is supposed how- 
ever, to be so slight that the limit of elasticity is not 
passed ; i. e. thut on the removal of the load the elas- 
ticity of the material will restore it to its original form. 
Consider any portion AC of a beam AB (Fig. 78) in 
equilibrium, and let C, C, be two sections iudeGnitely 
Hear and parallel to each other, then after bend' 
^e taken place these sections are no longer pai 
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but are normal to the bent fibres, and cnt each other 
if produced in a straight L'ne O, Fig. 78. 

Since after the bending the two sections G and Ci 
converge, it follows that the fibres of different layers 



Fio.78. 




intercepted between them have different lengths. Thus 
a lengthening, i e. a tension of the fibres lying on the 
under, or convex side of the beam has taken place and 
a shortening, i. e. a compression of the fibres on the 
upper, or concave side. 

Hence between the fibres in tension and those in 
compression there must be a layer of fibres which are 

ther in tension nor compression and which retain 
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tlieir original length in spite of their corvatiire. This 
layer ia called the neutral surface; its intersection with 
any cross section the neutral axis of that section, and 
the curve in which the plane of forces cuts the neutral 
surface is termed the line of mean fibre. 

From the neutral surface outwards the extension and 
compression of the fibres gradually increase towards the 
exterior fibres and attain their greatest valne at those 
exterior fibres. This lengthening and shortening of 
the fibres may be supposed to be such that the two 
contiguous cross sections remain pei'pendicular to the 
axis after bending has taken place. 

55, Determination of the Stresses at any particular 
Cross Section, — By the term stress is understood the 
interior force per unit of area of section. 

Suppose a beam AB, Fig. 78, acted upon by the 
external forces Di , Pj , . . Da and in equilibrium, to be 
cut into two portions A C and B C by a section plane 
a ji. Now the exterior forces acting on one poi'fion 
of the beam cannot maintain equilibrium unless new 
exterior forces are applied at the plane of section. These 
new exterior forces restoring equilibfium must evidently 
be equal to the interior forces acting in the beam at 
the position of the section plane ay9 before separation 
took place. 

Consider the portion AC and in place of the exterior 
farces acting on this portion, take into account their 
resultant, i. e. tlie shearing force V, Fig, 78, corre- 
Bponding to the section C and obtained as in para. 6. 
Thus in order that equilibrium may be maintained an 
exterior force must be applied at the point of section of 
e?ery fibre, coinciding in direction with the length of 
K the fibre, and equal to the stress which existed in that 
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fibre previous to the section. The resistances to stress 
of individua,] fibres can be considered as horizontal 
forces if the bending, as has been already premised, 
does not exceed the elastic limit of the material and is 
in fact very small. 

Besides the horizontal forces replacing the fibre 
stresBes there must aho be applied at the section a 
yertical force acting downwards maintaining pquilibriiira 
with the shearing force V and therefore having a mag- 
nitude — V. 

Hence at the section C there exists besides the re- 
sistances in the direction of the length of the fibres, a 
resistance to shearing acting along the section plane 
a /3 equal in magnitude but opposite in direction to T. 

In ascertaining the fibre stresses acting at the section 
C, it must be remembered that by reason of the flexnre 
which is supposed to have taken place, the originally 
straight and equal elementary fibres lying between 
two indefinitely near and originally parallel cross sec- 
tions C and Ci have become curved, so that after flexure 
they take the form of small circular arcs of different 
lengths and different radii having a common centre 
in 0. 

To obtain the amount of extension and compression 
of the fibres, draw ih through C parallel to the plane 
miJii, then the portions of arcs intercepted between 
C i and C m give the extensions and those intercepted 
between C n and C h the compressions which the several 
elementary fibres at different distances from the neutral 
surface and of the origitjal length C C, have undergone 
^he flexure of the beam A B. 

(tensions and compressions are evidently pro- 
■ e distances of the fibres from the neutral 
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irfuce CC, and by Hooke'a law the alterations of 

igth are also proportionul to the etreases, hence tJie 
t« any fhre w proportional to its distance from the 
'.ral surface. 

Let a be the stress of a fibre at a unit of diatance 

>m the neutral axis NN,, then the stress in a fibre 
distant t/ from the neutral axia is s . y. 

In order to ascertain the fibre stresses at different 
points on the plane of section, suppose the area of the 
aeotion to be cut up into indefinitely small strips parallel 
to the neutral axia N N,, Then, if/ is the area of an 
elementary strip distant y from the neutral axis, the 
stress in the strip in question is s.y.f. 

This stress ia a tension, or poj^itive stress if the 
elementary atrip in question lies below the neutral axis 

id a compression, or negative stress if above the neutral 



If now the portion A C of the beam is in equilibrium, 
then, aiiice no part of the horizontal stresses can be 
balanced by the vertiL-al shearing force V, the algebraic 
sum of these horizontal stresses must be nil. Hence 
employing the symbol of summation %, 
2(s.!,./) = o; 

or, since a is a common fiictor to every term of the st 
and cannot be zero, 

S &./) = ». 

Sow f.y ia the statical moment of an elementary 
area about tlie neutral axis NN,, hence by the last 
equation the sum of the moments of all the elementary 
areas about the neutral axis is zero. By the properties 
of tho centre of gravity of a plane area the product of 
the whole area Into the distance of its centre of gravit^t 



102 GRAPHIC STATICS. 

from any point is equal to the sum of the products of 
the elementary areas into their distances from the 
same point. 

Hence the equation 2 (y./) = o shows that the 
neutral axis passes through the centre of gravity of the 
cross sections. 

Again, since the portion AC of the beam is in 
equilibrium and no rotation takes place, the algebraic 
sum of the statical moments of all the forces acting on 
A C about any axis, e. g. the neutral axis, must be 
zero. Hence M the moment of the shearing force V 
which tends to cause left-handed rotation, must be equal 
to the sum of the statical moments of all the fibre 
resistances of the elementary areas, each of which 
resistances tends to cause right-handed rotation in A C. 

The statical moment of the fibre resistances of an 
elementary area distant y from the neutral axisjs 

^-yj-y] or s.f.y\ 
Hence as a condition of equilibrium 

M = 2(a./.y'); 
or, taking out the common factor a. 

Now S (/.y^) the sum of the products of the 
elementary areas into the squares of their distances 
from the neutral axis is termed the moment of inertia 
of the whole sectional area about the neutral axis. 
Putting I for the moment of inertia, 

M=:s.I (a) 

9%o bring in a more practically useful 
' 4 tke stress per unit of area of 
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the fibres at a unit of distance from the neutral axis. 
The exterior fibres which are at the greatest distance 
from the neutral axis suffer the greatest stress, which 
stress, if the beam is not strained beyond its elastic 
limit, must not exceed a certain fixed value depending 
on the strength or elasticity of the material, a proper 
proportion of which fixed value can be substituted in 
equation (o) in place of a. 

Let e and 6, be the respective distances of the extreme 
extended and compressed fibres, and suppose h and /;, 
to be the greatest permissible extension and com- 
pression per unit of area of those fibres. Then, since 
the stresses of the fibres are proportional to the dis- 
tances of the latter from the neutral axis, 

«_1 a 1^ 

i ~ e ' It, "e. 



Sabstituting these values in equation (a) 



■{/9) 



It h 

The expression -.1 or —I is called the moment of 

reaistanea of the cross section. Hence— 

The moment of resistance of any eross section is equal 
to the bending moment M, or the moment of the shearing 
force V at thai section, _ 

kFrom equations (|S) 
h _ki 
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Hence a well-constructed beam should be so designed 
that the greatest permissible tensile and compressive 
BtresBea ia the exterior fibi-es are simultaneously brought 
iuto action. 

For steel, wrought iron, and wood A^i, nearly, in 
beams formed of these mfiterials tlierefore, the cross 
sections will be symmetrical about their neutral axis. 

For cast iron, however, the resistance to compression 
is at least twice as great as the resistance to tension, a 
cast-iron beam should therefore be so designed that 
the extreme compressed fibres are at least twice as far 
from the nentral axis as the extreme extended fibres. 

Moreover, since the material nearest to the neutral 
axis is least strained, it follows that in a well-designed 
beam the material will be disposed as far as possible 
from the neutriil surface. 

h Ic 

The equation - = — shows that it ia indifferent in 

^ e e, 

k k 

practice whether the equation M= -.1, or M^— ,1 

is made use of; it is more usual, however, to employ 

the former. 

k 
66. Practical Applieations. — The equation M = - . I 

is most important in the case of beams subject to 
flexure, since on the one hand it serves to determine 
the sectional dimension proper to any part of the beam 
so as to offer an adequate resistance to the known 
' iftding, while on the other hand it serves to determine 
resses of the most strained portions of the beam, 
I ascertained load distribution, 
ird to the former application of the equation 
W whether the beam is to have a uni- 
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wm, or a varying section. If the former, (which ia 
^tllowablti only in beams of email length (jh account of 
the greater simplicity of manufacture,) it is evident 
that the uniform section must be that calculated for 
t!ie particular section of the beam at which the bending 
moment M of the exterior forces is a maximum, i.e. 
for the breaking, or dangerous section. 

In the case of long beams however, not only would 
uunecessary material be used by assuming a uniform 
section, but the supporting power of the beam would 
be diminished. For long beams therefore, a varying 
croas section corresponding as closely as possible to the 
bending moment at various posiiiuns along the beam 
shonld be adopted. A beam so designed evidently 
combines an equal resisting power along its whole 
length with the least waste of material, 
p 57. Determination of the Moment of Besistance. — The 

^Riiiiation M = - I involves four quantities, hence if one 

of them is to be determined the remaining three must 
be ItDown. 

Usually the three known quantities are the length I 
of the beam, the material of which it is to be formed 
and the amount and disposition of the load. 

Having given the length I and the disposition and 
amount of the load, the bending moment M can be de- 
termined by the methods previously indicated. 

Since however, k is settled by the choice of the 
material, it will usually be necessary only to determine 
the moment of inertia I = S (/. if) by which in 
general the form of the section is given and ita height, 
which in beams of uniform section amounts to from J 
to jij of the length I. 
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The moment of iaertia of various forms of section 
can be obtained both graphically and analytically. 
Since the determination of moments of inertia in 
simple ways, i. e. without the use of the calculus is very 
circuitous, and moreover the moments of inertia of 
sections of simple form are to be foupd in every text- 
book of Mechanics or of the Strength of Materials, the 
graphic method alone is given here. 

Suppose the portion A of the beam. Fig. 78, to be 
bent by the action of the shearing force V to such an 
extent that the stresses per unit of area of the outer- 
most fibres have attained their greatest permissible 
values k and hi . Determine B and Bi the respective 
resultants of the horizontal tensile and compressive 
stresses acting at the cross section m n as well as o and 
Oi their points of application whose distance apart is z, 
then as a condition of equilibrium 

E-Ei = o; orB = Ei; 

and in order that rotation may not take place the 
algebraic sum of the moments of the forces acting on 
the portion A C with respect to any point in the plane 
of those forces must be zero. 
Thus taking moments about Oi 

V.a — B.ooi = o; orV.a = B.ooi 

Fatting M for V.a and z for oo^ 

M = B.«. 
But by equation (P) 

M = -I. 

e 
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Hence the moment of inertia is given by the equation 



1 = 



,.E... 



FiQ. 79. 



We shall now proceed to determine the moments of 
resistance and of inertia for the section given in Fig. 79. 

Let h be the breadth of the nndermost layer of fibres 
mn and k the stress per unit of area in it. Then h.k is 
the resistance of this layer 
of fibre.", or if h is taken as 
representing unity on the 
Bcale of resistances h will be 
the resistance of the layer. 

It is required to deter- , 

mine p the resistance of 

any layer of fibres pp at a ' 

distance a from the neutral , 

axis N Ni and having a 

breadth p. By para. 55 " " ' 

the stress s per unit of area of the fibres at a unit of 

i 1 

distance from N N, is equal to -,orifi = l, « = -, 

^ e e 

hence the resistance of the layer fph given by the 




Thus p is a fourth proportional to the three magni- 
tndes e, a, ft and can therefore be easily obtained 
graphically. 

Project pp perpendicularly on to the base line mn 
and join both the points p'p' to C tlie centre of gravity 
of the section, then the lines p' C, p' C out off on pp the 
required resistance rs = p. For the triangle Cp'p' is 



108 ORAPIIIO STATICS. 

similar to the triangle Crs and in almilar triangles the 
bases are as the heights, hence 



Similarly the resistances of other fibre-layers of tha 
lower half of the section are obtained and their end 
points are jointed by a. continuous curve, tha iuolnded 
area being cross lined in the figure. 

Suppose that the stress k of the undermost layer of 
fibres act? uniformly over the whole of the lined area 
CrmnaC; k having been taken as the unit on the 
scale of resistances. Then II the total resistance io 
tension of the lower half section is obtained by mul- 
tiplying F the area of Cr. . . ,C, by J, or 

and the point of aitplication of B is O the centre ol 
gravity of the plane iignru C r. . . . C, which figure maj 
be termed the " resistance area " (Widerstandsflache). 
[The term reaialance area is applied to an area wbid 
expresses in magnitude and distribution the direct 
Btressea on any cross section of a beam.] 

Proceeding in the same way the total resistance 
compression R, (= It) of the upper portion of the a 
tion lying above the neufral axis N N, is obtained. U 
however, the uppermost layer ^u is not at the sami 
distance from N Nj as m n, then the reduction of th) 
■esistances must be made relatively to the layer m,) 
iB.ted at a distance from N N; equal to that i 
le resistance of which {k per unit of area) hi 
m as unity on the scale of resistances, 
action is symmetrical about the neutral axil 
oesaaty onV"j to qXiWti ^ b-iA tUe ^oint C 
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then E, is equal to E and Oj will be at the same dis- 
tance from N N| as O. 

Having determined E and the distance 0, = 3, then 
the moment of resistance of whole section M = E.e 

and the moment of inertia I =t-E.z. 
k 

But E = F.i ; hence I = e.f.s, where F is the 

resistance area. 

Note. — In determining the moments of inertia and 
resistance of a section by means of the aboye method it 
is necessary to be able to obtain the centres of gravity 
of irregular plane areas. 

In the following paragrapii it is briefly shown how 
such centres of gravity can be found and at the same 
time another method is indicated for determining the 
moment of inertia of a plane area by means of the 
funicular and force polygons. 

58. Graphic determination of the Centre of Oravily 
and Moment of Inertia of a Plane. Area. — Let ABC, 
Fig. 80, be the given figure of area F, whose centre of 
gravity and moment of inei'tia about au a&is passing 
through the centre of gravity and parallel to Z Z, are 
to be determined. 

Draw lines parallel to Z Z^ cutting the area ABC 
into small strips/i,/i,/j, . . . . , whose breadths are so 
small that each strip may be considered to bo a trape- 
zium whose area / is equnl to the product of the breadth 
into t!ie mean height. Draw the polygon of forces cor- 
resfKinding to the elements f,, fi, fj. . . ■ and also a 
funicular polygon, making the polar distance H equal 

F 
to -^ and bisecting a & at right angles so that the angle 

a Ob is a right angle. 

Produce tlie outermost sides o£ \,\ie ^u\iVt\^^t y^^ 
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to meet ia », ^^^ (para. 6) the resultant otf,,/,.... 
paesee tlirough $, hence a line through 8 parallel to Z, Z, 
passes through the centre of gravity of the whole area 




ABC. Hence if A B C is Bymmetrical about the axis 
Ai A, the point S is its centre of gravity. If the figure is 
not symmetrical, then the above construction must be 
repeated and a second line passing through the centre 
of gravity and parallel to another axis Z, Z, must be 
obtained. Then the intersection of this second line with 
the line through s parallel to Z, Z^ will be the required 
centre of gravity. 

(If the section ia a very irregular figure, its centre of 

gravity can be obtained by drawing the figure on cud 

or stiff paper and cutting it ant. The cut out figure 

"Deoded vertically by a pin passing through any 

■'« edge, then a (lamb line suspended £rom ' 
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the same pin traces on the figure a Ime paasing; through 
its centre of gravity. This line must be marked on the 
figure, and the process having been repeated by sus- 
pending the figure about another point a second line is 
obtained which will intersect the first in the required 
centre of gravity.) 

Having determined the line S s and having calculated 
Fi the areaof the figure /s^i enclosed by the funicular 
polygon and its produced sides /» and gs, then the 
moment of inertia I of the figure ABO about an axis 
Ss is given by the equation 



I = P.Fi (a) 

And if Ii is the moment of inertia about Z, Z, , 

li = F (Fi + F,) {b) 

where F.j is the area of the triangle iks enclosed by thi 
asis Z, Z^ and the two produced sides of the funicular 
polygon ffs aud/s. 

To prove the truth of the above, produce any two 
adjacent sides of the funicular polygon to cut the line 
S 8 in m and I. Then the triangle Imnia similar to the 
triangle dOe in the polygon of forces. Let y,, y^, y^, 
etc., be the respective distances from Ss of the linea 
parallel to S s passing through the centres of gravity of 
fiifitfa' • • • then since in BimCar triangles the bases 
are as the heights, 

ml de 



I 



L 



3, ~UH 
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therefore ***'_/» 

2 

Hence 

mZ . ~ = =^^5;^p- = triangle Zi»n . . . . (c) 

But Fi the area of the figure fsgh is made up of the 
sum of the areas of all the other triangles oorresponding 
to Z m n. 
Thus 

and S {f-y^) is the moment of inertia of the plane 
figure ABC about an axis S «. Hence 

Again, if I, is the moment of inertia of A B C about 
an axis Zi Zi parallel to and at a distance d from Sf ; 
\\ = 1 + Y.d'^, but since the triangles ihs and ahO 
are similar, 

d -p -^' 

2 
hence ik = 2d, 

Tlie area of the triangle iks is eP, hence 

I. = F (F, + F,). 

59. Moments of Inertia of Simple Sections. — ^In the 
case of spctional areas composed of rectangles one side 
of which is parallel to the axis about which the moment 
of inertia is to be obtained, the latter is determined 
more readily and accurately by analytical processes. 

Thus the moment of inertia of the rectangle ABCD 
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Fig. 81, about an axis Z Z passing through its centre 
of gravity can be obtained by means of the formula 
I = eF.^ (para. 57) and is 




I = TV6.fc 




(1) 



Fio. 83. 




.Jt — 



By making use of this fundamental formula the 
moments of inertia of the five following forms of section 
can be obtained. 

I. The sections given in Figs. 82 and 83 can be 
regarded as the difference of the two rectangles B.H 
and 6. A, hence their moments of inertia about the axis 



zz are 



1 = 



12 



(2) 



II. The section. Fig. 84, can be regarded as the sum 
of the two rectangles h.h and h^.h^, hence for this 
section, 



1 = 



h.h^A-h,.hc 



12 



(3) 



III. For the section. Fig. 85, 



1 = 



12 



. .(4) 
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IV. For the BCctioJi, Fig. 86, 

1= 12 ■ • (5) 

y. For a circular Bection, Fig. 87, the moment of 
inertia about a diameter ae axis is 




60 Examples in Besistatice io Fleecure. — I. Afirbanik 
■ of rectangular section (8 x 12") length 20' 0" is *up- 



ported at both ends. Wliat uniformly distributed load 
over ifa whole length can it support taking -^ of the 
breaking weight as the safe load ? 

The bending moment is greatest at the centre of 
the baulk, Mid if jt is the load per unit of length. 



I 



But 












M = 


k-, , , 8500 
- 1 ; where k = -r^ ; e 


= 6-; 




1 = 


1 


8 X 12" = 1152; andi = 


210 inches. 


Hence 










p.l 


8x8500x1152 


Olbs. 






~ 240 X 6 X 10 




and 




p = 272 Iba. per foot run. 






The 


weigh 


W of the baulk, supposing 


that of 


a cube 


foot of fir to be 30 Iba., is 








W 


= ^^x 20x30 = 400 lbs. 




The total load which the baulk can 


support 


there- 


fore is 




ji.i- W = 50401bs. 







II, What must be the form of a beam A B, Fig. 89, 
of variable height A and constant breadth b, bo that it 
may offer an equal resistance to flexure at every section, 

kwhen strained by a concentrated load P acting at its 
centre ? 



The reaction of the supports is !*=-„; hence 1 
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bending moment at the centre of the beam is 

P I 
M = — . ^ and at a section distant x from A the 



moment Mi = ^-^ 



Fio. 89. 




Uat M = - I, and in the present case ^ = 5 and 

I = :nr . 5y^. Hence 
12 ^ 

P P Z 1 1 



or 



therefore 



»: 5 = y*:A^ 



, 2A» 

y =— -^ 



(a) 



This is the equation to a parabola with its vertex at A 

and parameter -=- . The requisite form of the beam 

therefore is that of two parabolas whose vertices are at 
the supports A B and whose common ordinate is h ; 
and since 



therefore 



2 2-6*- ' 



, 1 /6PJ 
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A beam of the above form is said to have uniform 
strength or to offer vmiform remtanee to flexure. 

For a; = 0, the equation (o) gives y = 0, and the 

section at the points of support would be nil. Since 

P 
however, the reactions ^ act at these supports as 

shearing forces, the height h^ of the sections at A and B 
must be made to depend on these shearing forces. 

Now if h is the breadth of the section, h = — , where 



tional area which in this case is 
0"6A and for the rectangular sec- 
tion, Fig. 90, z = g Ao ; hence 

P 
2 




I 



h. — 

Note. — If the beam A B were aniformly loaded with 
a loady per unit of length, then the bending moment 

M for the middle of the beam is equal to ^-^ and for a 
aection distance x from A the moment 



-rA, 



-(!-.). 



M = - I, where e = | , and 1= — 



hf; 



lA-jJ 
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therefore 



hence 



2 A /—n N 



This equation is that of an ellipse whose major axis 
A B = 2 and whose minor axis h is given by the equation 



from which 



8 -e*'"-" ' 



^0 = 



The height ho of the section of the beam at the points 
of support is obtained in the same way as before and 

0-86. i' 

III. What is the length of a wrought-iron beam of 
the section shown in Fig. 91 capable of supporting a load 

Fig. 91. ^^ ^^^ ^^®' P^^ ^^^* ^"^^ including its 

^ - 4' > ow^ weight ? The beam to be sup- 

W:^^™- • T ported at both ends and the greatest pos- 

; sible stress 11200 lbs. per square inch. 
i Taking an inch as the unit of length, 

^ the length I can be found by means 

I of the formula 






1 i 



w/M/Mmw/// 



where p = 



I 

I 



M 



max 



~ 8 ~e ' 



^ lbs.; k = 11200; c = | = 4; and 



I = i^i^m:^^' = 70-625; 
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t 



P= 31640 inches. 
/ = 178 inches nearly = 14'- 10". 

61. Eesidance to Crippling. — If the length L of a 
mpreasion bar AB, Fig. 92, is from five to ten times 
the middle sectional dimenaionB D, then by continuing 
the axial loading the bar will not j.,g gj 
be more compressed, but it will he p _ 

bent and finally broken across by 
the load. A bar so broken is said 
to fail by crippling. Resistance 
to crippling is therefore a combi- 
nation of resistance to crushing 
and flexure. Since the theory of ' 
resistance to crippling would take 
up too much space and moreover 
this theoiy does not give results 
in accordance with the rules de- 
duced by Hodgkinson from expe- ] 
riment, we shall merely give two 
empirical formula for the resistance of a bar liable to 
£ulure by crippling, wLich agree with experiment. 
For a bar free at both ends the resistauee P is given 
the formula 

„_ 4. 1". I 




I + CF.L" 



■M 



"here F is the sectional area. 
fc.I the moment of inertia of the cross section 



120 
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au axis passing the angle the centre of grayity and 
perpendicular to the ]|;>en(iing plane. 

L the length. 

h and \ the safe loads which the material can bear 
in compression, and tension respectively. 

an experimental coefficient depending on the 
material. 

The values of and h and \ for different materials 
are given in the following table. 

In the case of cast^ron struts P should be calculated 
from both the above formulae, and the least of the two 
values should be taken. For steely norought^ron, and 
wooden struts, the formula (a) only need be used. 



MaterUI. 


C 


k 

in lbs. per 

square inch. 


in lbs. per 
square inch. 


Ordinary Rteel 
Wrought iron .. .. 

Oast iron 

Wood 


0-00009 
0-00009 
0-00027 
0-00022 


14000 

8500 

11800 

700 


14000 

8500 

2850 

800 



For example, to determine the load which a wooden 
bar of square section (F = D^) can safely support, we 

have 1 = — D*, and hence 

p 700 D« 

D» + 0-00264 L'' 

where D and L are both in inches. 



4= ■ 


10 


20 


80 


40 


50 


100 


p 


- 48 


08*91 


82-96 


21-28 


14-66 


4-08 
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The formulae (a) and (yS) are applicable only to bars 
whose extremities are free; if however the ends of a bar 
are fixed, the bar undergoes the change of form shown 
in Fig. 93, and the resistance can be found by putting 

^ for L in formulae (a) and (yS). 

Hence in the case of a bar whose ends are fiaced 
(Fig. 93),. 

4I + C.F.L' • • • W 
or 

4^iF.I ,g) 

Example. — What is the resistance to cripph'ng of a 
wrought-iron bar of rectangular section (2" x 4") length 
10', fixed at both extremities ? 

Here k = 8500, C = • 00009, F = 2" x 4" = 8 square 

inches. L = 120". I = ^h¥ = 2-66. 

Substituting these values in equation (7) 

P - 4x8500 x 8x2-66 

^ ■" 4 X 2-66 + 000009 x 8 x (120)^ "^ ''^^'' ^^' 
nearly. 

The safe compression per square inch of section is 

therefore 

34440 



8 



= 4305 lbs. 



For a cast-iron strut calculate P from (7) and (S), 
and take the lead of the values obtained^ while for a 
steely wrought-iron^ or wooden strut P need be calculated 
from (7) only. 
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or Arch, in Cast Iron, Wrought Iron, or Steel. By B. BakeR. 
Numerous cuts. 
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New Formulas for the Loads and Deflections of 
Solid Seams and Girders. By William Donaldson, 
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In neat cloth case, is. 
Scales for the Ready Comparison of British and 
Metric Weights and Measures. By A L. Newdigate, M.A. 

Royal 8vo, cloth, -js. 6d. 

Table of Logarithms of the Natural Numbers, 
frmti I to 108,00a By Charles Babbage, Esq., M.A 
Stereotyped edition. 
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Progressive Lessons in Applied Science. By 

Edward Sang, F.R.S.E. 

Part I. Geometry on Paper. 

Part 2. Solidity, Weight, and Pressure. 

Part 3. Trigonometry, Vision, Surveying Instruments. 

Crown 8vo, cloth, 2J. td. 

Algebra Self -Taught. By Dr. Paget Higgs, 
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8vo, cloth, 5J. 

Economics of Construction in relation to Framed 

structures. Contents : Classification of Framed Stru<;- 
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examples. By Robert H. Bow, C.E., F.R.S.E. Illus- 
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The Young Dual A rithmetician, or Dual Arith- 
metic A New Art, designed for Elementary Instruction 
and the use of Schools ; to which are added. Tables of 
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bers, and corresponding Natural Numbers. By Oliver 
Byrne, formerly Professor of Mathematics, College for Civil 
Engineers, Author of * Dual Arithmetic, a New Art ; * ' The 
Art and Science of Dual Arithmetic* Second edition, 
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8vo, sewed, \s. 

General Method of Solving Equations of all 

Degrees; applied particularly to Equations of the second, 
third, fourth, and fifth degrees. By Oliver Byrne. 
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French Measures and English Equivalents. By 

John Brook. For the use of Engineers, Manufacturers, 

Draughtsmen, etc 
*'In a series of compact tables the English values of the French 
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one to a hundred metres ; the fractions of an inch progressing in six- 
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